D-MATH Algebra 11 FS18
Prof. Marc Burger

Assignment 16

SEPARABILITY, COMPUTATION OF SOME (GALOIS GROUPS

1. Let f € k[X] and let E D k be a splitting field of f. We want to prove that f has
no multiple root in £ if and only if gedyx(f, f') = 1.

(a) Let F/k be a field extension and f, g € k[X]. Prove that gedyy(f,g) = 1 if
and only if gedpy(f,9) = 1.
(b) Write f =[] ,(X — «;) in E[X]. Establish the formula

Hf’(oéi) =+ (H(%‘ - 04;‘)) :

1<j

(c) Use the above steps in order to conclude.

2. Let p be a prime number. Consider the polynomial ¢, := ))((p__ll € Q[X] and let
¢ = s . Let B = St(pp).

(a) Prove that ¢, is irreducible in Q[X] and deduce that ¢, = irr(¢; Q).
(b) Show that £ = Q(().
(c) Prove that Gal(E/Q) = (Z/pZ)*.

3. Let £ =Q(v/2,V3).

(a) Prove that [E: Q] = 4.
(b) Show that Gal(E/Q) = Z /27 x 7./ 27Z.
4. Show that the Galois group of X? — 2 € Q[X] is isomorphic to Ss. [Hint: Let

E = Sf(X?—2). Find the roots of X*—2in C. Consider the intermediate extension
Q(exp(27i/3))/Q of E and show that [E : Q] > 3]



