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Normality and separability

1. Let K/k be a field extension and f ∈ k[X]. Prove that f is separable as a
polynomial in k[X], then it is separable as a polynomial in K[X]. Does the
converse hold?

2. Let f ∈ k[X] be a monic polynomial which splits and suppose that σ ∈ Aut(k)
fixes each root of f . Prove that σ fixes all the coefficients of f .

3. Let E/k be a splitting field of f ∈ k[X] and consider an extension k′ of k and the
splitting field E ′ of f over k′. Show that each σ ∈ Gal(E ′/k′) satisfies σ(E) = E
and that the resulting homomorphism

Gal(E ′/k′) −→ Gal(E/k)

σ 7−→ σ|E

is injective.

4. Let E/k be a finite field extension. Show that E/k is normal if and only if every
irreducible polynomial f ∈ k[X] which has a root in E splits completely over E.

5. Show that Aut(R) = {idR}.

1


