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Prof. Marc Burger

Assignment 22

Fixed subfield

1. Let E/k be a splitting field of Xn − 1 ∈ k[X] and Γn(E) the subgroup of E× of
n-th roots of unity. Show that

(a) If char(k) = 0, then |Γn(E)| = n.

(b) If char(k) = p, and n = p`m with p - m, then |Γn(E)| = m.

2. Let E = Q(
√

2,
√

3). Recall that Gal(Q(
√

2,
√

3) ∼= Z/2Z × Z/2Z. List all sub-
groups of Gal(Q(

√
2,
√

3) and for each subgroup H determine the subfield EH .

3. Let p > 2 be a prime number and ζ := e
2πi
p . Let E = Q(ζ). Recall that

Gal(E/Q) ∼= (Z/pZ)×.

(a) Show that there exists a unique subgroup H of Gal(Q(ζ)/Q) of order 2. What
is its generator? [Hint: It is an element of order 2]

(b) Prove that Q(ζ + ζ−1) ⊆ EH and that [E : Q(ζ + ζ−1)] 6 2.

(c) Deduce that EH = Q(ζ + ζ−1).
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