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%k_,, k > 1, as defined in the context of k-independent site percolation.

Recall py, = &%)

Exercise 6.0. [Exponential decay in volume in the perturbative regime]
Consider Bernoulli bond percolation with parameter p < 2—1dp2. Prove that for all n > 1,

Py[ICol = n] < e
Remark: The exercise originates from the lecture notes and has later been added to
this exercise sheet for completeness.
Exercise 6.1.*) [Alternative def. of correlation length via P,[A,, > OAy,]]
For p € [0, 1], define
£(p) :=min{n > 1: Pp[A, <> 0A2,]) < p3}.
Prove that there exists a constant C = C(d) > 0 such that for all p € [0, 1],

£(p)

=57 < Up) <1+ CE(p)log(2 +£(p)).

Hint: To obtain the first inequality, recall the proof of exponential decay in volume via
renormalization. Towards the second inequality, show that P,[A,, <> OAs,]) < p3 for n
sufficiently large compared to £(p).

Exercise 6.2. [Volume correlation length]

(a) Let p € (0,1). Show that for all m,n > 1,

1
m-+mn

P 1 1

(b) Let p € [0,1]. Prove that the volume correlation length, defined by

P,[|Col =m +n] >

) = (lim, = tog (B, (1ol =n])) ",

n—oo

is well-defined, and finite for p < p.. Also prove that

]_ — n
P,[|Col = n] < 1-p) ne <@ .
b

(c) Let p < p.. Show that
P,[|Co| > n] = e~ T o),

(d) Prove that there exists a constant C’ = C’(d) > 0 such that for all p € [0, 1],

£(p) < ¢(p) < 1+ C'Ep) log(2 + £(p)”.
Hint: Towards the second inequality, first argue that that ¢(p) < (2¢(p) + 1)4.



Exercise 6.3. [Exponential decay in volume]
The goal of this exercise is to give an alternative proof of exponential decay in volume.

(a) Let X > 0 be a random variable. Assume that E[e*X] =: C' < oo for some ¢ > 0.
Show that for all z > 0,
PX >z] < Ce *".

Let p < p.. To prove that there exists ¢ > 0 such that for all n > 1
]PPUC()‘ 2 TL} S 6_Cn,
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it therefore suffices to prove E[e < oo for some € > 0.

(b) Using BK-Reimer inequality, show that
3
Ep[|00|2] < EPHCOH :

(¢) More generally, show that

E,[|Co["] < 2" nlE,[|Co|]*" ™

)

and conclude from there.



