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Exercise 4.1 σ-algebras.

(a) Let (Ai)i∈I be a family of σ-algebras. Show that
⋂
i∈I Ai is a σ-Algebra.

(b) Prove that if A1 and A2 are σ-algebras, A1 ∪ A2 is a σ-Algebra iff A1 ⊆ A2 or A2 ⊆ A3.

(c) Let A be a σ-algebra and Ψ an event. For i ∈ N define Ai ∈ A as “ At time i the event Ψ
occurs”. Write, with the help of the Ai’s the following sets. Additionally show that they
belong to A.

1. “ Ψ never occurs”
2. “ Ψ occurs infinitely many times”.
3. “ From a point in time onward Ψ never occurs”.
4. “ Ψ occurs exactly twice”.
5. “ Ψ occurs in total an odd number of times”.

Which of them belong to the tail σ-algebra, i.e.,

A∞ :=
⋂
n∈N

σ({Ak : k ≥ n})?

Exercise 4.2 Borel Cantelli.

(a) Construct a probability space (Ω,A,P) and a series of measurable sets (An)n∈N with∑
n∈N P(An) =∞ and P

(⋂
n∈N

⋃
k≥nAk

)
= 0.

(b) Let (Ω,A,P) be a probability space. Take (Un)n∈N a series of uniform independent random
variables on (0, 1), i.e., for 0 ≤ x ≤ 1, P(Un ∈ [0, x]) = x.

(i) Show that:

P ((∃α > 1) lim inf nαUn ∈ R) = 0.

Hint: It may be useful to define, for α > 1 Aαn := {Un < n−α}. Do not forget that the
countable union of sets of probability 0 has probability 0.

(ii) Prove that:

P (lim inf nUn ∈ R) > 0.

Exercise 4.3 Let ({0, 2}N,A,P) be the model of infinite tossing of coins (Lecture notes Satz 3.2,
p. 37). We consider the random variable:

X : {0, 2}N −→ [0, 1]
ω = (ω1, ω2, ...) 7→ X(ω) =

∑∞
n=1

ωn

3n .

(a) Prove that X is measurable.

(b) Show that the cumulative distribution function of X is continuous.

Updated: March 24, 2017 1 / 2



Probability and Statistics, Spring 2017 Exercise sheet 4

(c) Prove that there exist disjoint intervals Ik ⊆ [0, 1] so that F is constant in Ik and λ(
⋃∞
k=1 Ik) =

1. (Where λ is the Lebesgue measure)
Hint:

• X(ω) =
∑∞
n=1

Xn(ω)
3n .

• F is constant on X({0, 2}n)c.
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