ETH Ziirich, Spring 2017
Lecturer: Prof. Dr. Sara van de Geer Coordinator: Thomas Cayé

Probability and Statistics

Exercise sheet 6

Exercise 6.1 Take X,, i.i.d random variable so that
E(Xl)zl, Var(Xl):2,
and define S, :=>"" | X;.

(a) Use Chebyshev-inequality to estimate

"

What is the value of the bound when n = 40.

Snl‘§0.5).
n

(b) Use the Central Limit Theorem to estimate

7

What is the value of the bound when n = 40.

S"—l‘gOB).
n

Exercise 6.2 Let (Q,.A,P) be a probability space and (Z,)recn a sequence of random variables.
(a) Prove that if Z, Sece R, then for all bounded and continuous functions f

E(f(Zn)) = f(0).

(b) Show that if Z, — ¢ € R in distribution, then Z, Se

Exercise 6.3 Consider the probability space (€2, .A,P) = ([0,1], B([0,1]), A|j0,1)), where A|jo 1) is
the Lebesgue measure over [0,1]. Let X,,(w) = 14, (w) be a sequence of random variables with
A, € B([0,1]).

(a) What condition on the sets (A, )nen is necessary for the convergence in probability under P
of the sequence (X,,),y to 0 ?

(b) Write the event {w : X,,(w) — 0} with the sets (4, )nen-
(¢) Find a sequence (A, ),en of events such that X, L0 but {w: Xp(w) = 0} = 0.

Exercise 6.4 Let (X;);>1 be a sequence of random variables with
Var(X;) = 0? < oo Vi,
Cov(Xi, X;) = R(|i — jI) Vi, ],

where R is a real function. Define S,, := Y " | X;.
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(a) Prove that if limg_,oo R(k) = 0 then lim, 57" = u in probability.

(b) Prove that if ), . [R(k)| < oo then lim,, nVar(2

=n) exists.
Exercise 6.5 (Optional)

(a) Let py, and v, be two sequences of probability measure on R, and ¢, € (0,1) with €, — 0.
Prove that if u,, — p in distribution, then (1 — €, ), + €,v, — p in distribution.

(b) Construct with the help of (a) a sequence g, so that p,, — p in distribution but lim,, o [ |z|dpn, (z) #
[ lzldu().

(¢) Prove that if y, — p in distribution and sup,, [ 2%du,(z) = K < co then

[ lelduntz) > [ faldta).

/min{|x|,M}dun(m) — /min{|x\,M}du(m).

HinT: For all M prove that

and that
0< [ leldune) ~ [ win{lel, M)dun () < /01
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