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Solution 4.1
(a) Let (A,)nen so that A, € (),c; A then:
e Forall i, A; € A;, so A7 € A;. Then A§ € (,c; Ai.
e For all i, A, € A;, 50 ey An € Ai Then |, oy An € e Ai-
e For all i, Q € A;, Then Q € (,.; Ai.

Then (;c; A; is a o-algebra.

(b) < Tt is clear that if A; C Ajg, then A; U Ay = Ay and it is a o-algebra. Idem if Ay C A;.
= Note first that for A, B C ), we have

AAB =(AUB)N(ANB)°,

So if A and B belong to a g-algebra, their symmetric difference does too.
Now, if A7 € Ay and Ay € A;, then there exists A; € A1\ Ay and Az € A3\ A;. Note that
A1AAy ¢ A;, because, if AJAA; € A;, then for i € {1,2}

A;A(A1AAy) € Ay which implies Aj; € Ay j#1

Then A; U A5 is not a o-algebra because A;AAs ¢ A; U As even though A, Ay € A3 U As.

(¢) (i) Njen AF € A. For n € N, it holds, ;e A & 0({Ax : k > n}).

This implies ();cy A & Ao

(i) NypenyUisp Ai € A Form e N, (N, cyUssp Ai € 0({Ar : k> m}).
Then ﬂn;N Ussn 4i € Ane. -

(iii) UpenMNisn A7 € A. For m € N, U, ey Nispn AF € 0({Ar - k> m}).
Then U, oy Nisn A5 € Ano. -

(iv) Uj,<joen4is NA;; N ien A € Ao Tt holds that U; _j,en A N A5 N ien  Af

J1Fi# 2 N#i# 2

does not belong to o({Ay : k > 2}), so it does not belong to A.

() UnenUp cssecinrs (N 450 sen A7) € A Simitary

n#jk

2n+1
c
U U |[Aanna
neN j1<jo<....<jon+1 =1 1€EN

n#jk
does not belong to o({Ay : k > 2}), so it does not belong to Ax.

Solution 4.2
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(a) Take ([0,1],B(0,1), ) as a probability space, where B[0, 1] is the Borel og-algebra on [0, 1]. Let
U be the identity function. U is distributed as an uniform random variable on (0, 1) under A.

Define
A, = {x €(0,1): Ulx) e [0, H }

Then we have that P(4,) = 1, s0 3 . P(A4,) = co. Additionally z € N, oy Ugsn Ak if and
only if = 0. Therefore, P (ﬂneN Uksn Ak) =0.

(b) (i) We will use Borel-Cantelli’s Lemma. Define A% := {U,, < n~%}, then:
o0 oo 1
> P4 Z ma <
n=1 n=1

and by Borel-Cantelli lemma P((,,cy U;>, A7) = 0. Thus

UNU|=o

a>1lneNj>n
acQ)

Let w € Q so that there exists a(w) for which liminf n®“)U,, (w) < 0o. Then take
1 < &(w) < a(w) with @&(w) € Q. We have that lim inf n®“ U, (w) = Then for all
n € N there exists m(w) > n so that m®U,,(w) < 1. Thus, w € U 2L ﬂneN Ujsn AT

Finally we have that

{Ba > 1)liminf n®U,, € R} C U n U AT
a>1neNj>n
acQ

This implies
P((Fa > 1)liminf n®U, € R) = 0.

(i) We use Borel-Cantelli’s Lemma. Define A,, = {U,, < n~!'}, it is clear that the (A4, )nen
are independent. We have P(A,,) = %, then >, _P(A,) = co. By Borel-Cantelli

ﬂ UAk =1>0.

neNk>n

Additionally, if w € (,cxy Ug>, Ak, for all n € N there exists k,(w) > n such that
kn(w)Ug, () < 1. Thus, 0 < liminf nU, < 1. To conclude,

N U Ak € {liminf nU, € R} and P (liminfnl, € R) =1 > 0.
neNk>n

Solution 4.3

(a) The projection X,,(w) : (w1,wa, ..., wn,...) — wy is measurable, so, for k € N, the random

variable > _; f; is measurable (as a sum of random variables). Given that

k
k—>
E Xn koo X, point-wise,

X is measurable.
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(b) The cumulative function is continuous in x if and only if P[{X (w) = x}] = 0. This is clear in
this case.

(c) Define K1 = (4, %). It holds that Ky N X ({0,2}") = 0. Indeed, if X;(w) = 0, then we have

1 1
37

IN

= Xa(w) 2
X =3 N 21
n=2

and if X;(w) = 2 then

C/O\l\.’)

2 = X, (w)
== >
21

Define L; = [0,1]\ K1, a; (M) = 0 and a(l) = 2/3, then we know that L; = Uizl[agl), agl) +($)4.
Given L, = U?n l[a(” Y oalnt 4 (3 )n_l], agnfl) for i € {1,...,2"71}, we define K,,

i=1 7 y @y

(agn)) _ as follows
ie{1,...,.27}
= U (s (2) a2 (2))
" et ! 3) 77 3
agily = a"™

Then L, = L,_1\K,.
We claim the following
(i) K, is well defined.
(i) K, NX({0,2}) =0, so X({0,2}) C L
(iii) A(Ln) = (2)".
Indeed,

(i) Note that Ly is well defined and is of the desired form. If L,,_; is of the wanted form,
then K, divides every interval in 3 and takes away the middle part, so the number of
intervals will be 227~ = 27, all of them having length 3n T % = 3% So L,, has the
desired form.

(ii) Realize that all a,E") have the form

3n’
i=1

where ¢; € {0,2}. As for K7, we have the equation J,,cy Kn N X ({0,2}) = @ Then

X({0,2) ¢ (UK) =Ly

(iii) L, has 2" disjoint intervals, each one with measure 5= so A(Ly) = (3)".
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Thanks to this
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neN

As K, =, I,gn) we have the conclusion.

To finish here is a graph of the cumulative function, called Devil’s Staircase:
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