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1. Show that any map f : S! — S such that deg(f) # 1 has a fixed point.
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2. Let G be a topological group and take its identity element e as basepoint.

a) Define a pointwise product of loops a and 8 by (af)(t) = a(t)B(t). Prove that it
is equivalent to the composition of paths.

b) Deduce that 71 (G, e) is abelian.
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3. Let C be a category with a terminal object 1 and all products of objects.

a) Give the definition of a group object on C. Explain how group objects on C form
a category Gp(C).

b) Decide what a group object in C is when C is the category:

e of sets;
e of topological spaces;
e of open subsets of a fixed topological space X.

c) Prove that a group object in the category of groups is an abelian group.

d) Let D be another category like C and F' : C —» D a functor preserving products
and terminal objects. Show that F induces a functor Gp(C) — Gp(D).

e) Deduce the same result as in the previous exercise.
ﬁ) Ae};vrm/—’ Sw-’rr'l /{1\— We v
group object in Cis an object G of C together with morphisms
e m: Gx G— G (thought of as the "group multiplication")
e e:1— G (thought of as the "inclusion of the identity element")
e inv: G — G (thought of as the "inversion operation")

such that the following properties (modeled on the group axioms — more precisely, on the definition of a group used in universal algebra)
are satisfied
« mis associative, i.eﬂgm_xjdg)ﬂw)/as,morphisms GxGx G— G, andwheree.g. mxidg: Gx Gx G— G x G; here
we identify G x (G x G) in a canonical manner with (G x G) x G.
o eis a two-sided unit of m, i.e. m (idg x €) = p1, where p1 : G x 1 — G is the canonical projection, and m (e x idg) = po, where po : 1 x
G — G is the canonical projection
e invis a two-sided inverse for m, i.e. if d: G — G x G s the diagonal map, and eg : G — G is the composition of the unique
morphism G — 1 (also called W then m (idg x inv) d = eg and m (inv x idg) d = eg.
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6. Let X = {(pyp): p # —q} C S™ x S™ and consider the map f : S® — X sending

p — (p,p). Prove that i equivalence. [Hint: Define a map X — S™
which you could not extend to the whole S™ x S™|
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