1. [Compression criterion.| Let X be a topological space, A C X and zy € A.

Claim. Let n > 0 be an integer. A map f: (I",0I",J") — (X, A, xy) represents
the trivial class in 7,(X, A, xo) iff it is homotopic rel OI"™ to such a map of triples
with image in A.

Proof. Suppose first that f is homotopic rel 1" to such a map g. In particular,
f and g represent the same class in 7,(X, A, z¢). Define ¢: I" x I — I" by the
formula ¢(zy,...,2,,t) = (21,...,2p-1,t + (1 — t)z,) (Wwe move all points away
from I"~' € I"™). Then h: I" x I — X with h(z,t) = g(p(z,t)) is a homotopy from
g to the constant map c,,, so [f] = [g] =0 € 7,.(X, A, ).

Conversely, suppose that h: I" x I — X is a homotopy from f to the constant map.
Define p: I x I — I x I by

(z.t) = (0,(1 +t)x), 0<z<t/(1+1)
PARU=V 1+ )@=t/ +0),8), t/Q+t) <z <1

Define h: I" x I — X by ﬁ(:rl,...,x,,,t) = h(zy,...,Zn-1,9(Tn,t)). This is a
homotopy rel dI" from f to a map with image in A. O

3. Let (X, A) be a pair of spaces with A path-connected. Recall that m;(X, A, zy) con-
sists of all maps a: (1,{0,1},1) = (X, A, z9) modulo homotopies of maps of triples.
Let H be the subgroup of the ordinary fundamental group m(X, x¢) consisting of
all classes [a], where a is a loop at z; in A.

There is a canonical map i, : (X, zo) = m (X, 2o, 29) = ™ (X, A, ), induced by
the inclusion. We show that this factors over the quotient set m(X,zo)/H. Given

any o] € H, we have i,[a] = 0 by the compression criterion. Thus we obtain an
induced map ¢: m (X, z9)/H — m (X, A, Xo).

¢ is injective: Suppose that a, 3 are loops at z such that ¢([a]H) = ¢([3]H).
This means that [a™' - 8] = [¢,,] in m (X, A, 20), so by the compression criterion
the loop a™! - 3 is homotopic rel {0,1} via a homotopy h to a map v: I — X with
image in A. Since h is a homotopy rel {0, 1}, it is a homotopy of paths and 7 is a
loop at zg in A. In particular, [a~! - 8] =[] € H.

¢ is surjective: Consider a map a: (I,{0,1},1) = (X, A, zo), which might not be
a loop. Since A is path-connected, we can choose a path v from z to a(0) in A.
Then a -+ is a loop at xy and [a] = [a - 7] lies in the image of .
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5. Let n > 1 be an integer. We embed i: S"! — S" as the equator and fix some
basepoint zp € S"~!'. Consider the long exact sequence for the relative homotopy

groups:

0 (8™, 20) —2— Ta(S™, S™Y, z0)

|

o e 1 (8", %) ——— a1 (5", 7o)

o —— m(S™1, z0)

oo —— m(S™, 1) —— M(S™, 8", 1) —— W1 (S, 29) —— - -

- — m(S™, o) — 71'1(5'",5"",:1:0).

We know that 7(S™) = 0 for k < n and that 7, (S") = H,(S",Z) = Z (Hurewicz).

In particular, the first fact implies that m(S™, S" ', 2) = 0 for 1 < k < n. For
k = 1, we have a bijection m(S", S"!, z¢) = m(S", z9)/H, where H is defined as
in Exercise 3. If n > 1, then m(S™, z9) = 0 and therefore m,(S™, S" ', zy) = 0.
If n = 1, then H is trivial (the only loop at zy in S° is the constant loop), so
Wl(sl,so,l'o) = ﬂl(sl,l‘o) = Z

It remains to compute m,(S",S" !, x). If a: S™ — S"! represents a class in
7a(S™ 1, ), then m,(i)[a] is represented by the composition

g 2, gn1 i, gn

The image of this point lies in the contractible space S™\ {pt}, so it is nullhomotopic.
In particular, 7,(7) is the trivial map. By exactness of the sequence, this implies
that ¢ is injective. Thus we have the split short exact sequence

0 » Z » (S, S™1, ) y Z > 0,

s0 m,(S™, 8", 29) = Z @ Z by the splitting lemma.
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