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Exercise 10.1 Let (B;);>0 be a Brownian motion and let (X;);>¢ be defined by X, = f(j sign(B;) dBs,
where sign(z) = 1 for > 0 and sign(x) = —1 for x < 0.

(a) Show that (X;);>0 is a Brownian motion and that E[X; Bs] = 0 for all s,t > 0
(which means that X and B are uncorrelated).

(b) Show that E[X;B?] = 2343 3\15 and conclude that (X;)¢>0 and (By);>0 are not independent

(despite being uncorrelated and Gaussian processes).

Solution 10.1

(a) The function sign(-) is a bounded function and so the stochastic integral is well defined and a
continuous local martingale. Its quadratic variation is

t t
(X>t = / sigHQ(BS)ds = / ds =t,
0 0

and hence by Levy’s characterization theorem, we see that (X;)¢>o is a Brownian motion. For
the second part, by applying the It6 isometry, we obtain that:

s t min(s,t)
E[X, B, = E[ /0 dB, /0 sign(Bu)dBu} - E[ /O sign(Bs)ds]

By Fubini, we get that

min(s,t) min(s,t)
E{/ sign(Bs) ds} = / E[sign(B;)] ds = 0.
0 0
Where the last equation follows from the symmetry of the Brownian motion, i.e.

E([sign(B;)] = P[B, > 0] — P[B, < 0] =0.

(b) By Itd’s Formula, we know that B? = 2 fot B, dB; + t. Since E[X;] = 0, we conclude using
1t6’s isometry and Fubini that

E[B2X;] = E{ /Ot sign(B,) B ) (2 /Ot B, dB, —&—t)}
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Finally, as By ~ N(0, s), we obtain that E[|B;|] = \/\/% Therefore,

1
3T

t
V2 5.3
E[B2X,] :/ V22 s = 2543
0o VT

Therefore, as F[X;] =0, X and B cannot be independent.
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Exercise 10.2 The goal of this exercise is to prove that “Brownian motion does not hit points
whenever d > 27. Let d > 2, Q = C([0,00); R?Y) and Y = (V3);>0 denote the canonical process. For
each x € R?, let P, be the unique probability measure on (2, Y% ) under which Y is a (d-dimensional)
Brownian motion started at z.

(a) Let 0 # x € R? and a > 0 such that 0 < a < |z| and consider the stopping time

Tap :=1inf {t > 0]|Y;| < a or |V3] > b}.

For d > 3, show that (X;);>¢ defined by X, := ’YTavb/\tIQ_d is a bounded martingale under
P,. Additionally, when d = 2 show that X; = In(|Y7, ,r¢) is also a bounded martingale.

(b) Show that
for any 0 # 2 € R%, we have Pw[Yt = 0 for alltZO] =1.

Solution 10.2
(a) When g is a C? function, one can define the radial function
f(@) = g(|z])
Then, one has for every x # 0 that

Af(x)=g"(r) + ?g/(r), with r = |z].

Now, for d > 3, consider g(z) := 2279, which is C? on (0,00) and let f(z) := g(|z|). Then we
get for any = # 0, as g(r) = r2~4, that

Af(z)=g"(r) +

which means that f(z) = |z|?>~? is harmonic in R¢\ {0}.

By applying It6’s formula, as f is harmonic, we see that P,-a.s., for all ¢ > 0

X = [Veone ™ = F(¥raone) = fl@) + /0 ") av,

which proves that (X;);>0 is a local martingale. Moreover, as d > 3, we have that

! 1
- ‘Yra,b/\t|d_2 - ad—2'

0< X, =Yy "

Thus, since it is uniformly bounded, we obtain that X is a true martingale.
For d > 2, consider g(z) := In(x) which is C? on (0,00) and let f(x) = g(|z|). Then, for any
x#0

Af(z) =0
Thus by applying Itd’s formula

Ta,b At
X, = fa) + /0 VF(Y,) Y,

Thus, when = € (—a,b), X; is a local martingale bounded by max{|In(a)|,|In(b)|}. So it is a
true martingale.
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(b) We distinguish between the case d > 3 and d = 2. Consider first the case d > 3, where
Eq [|Yr, yntl* ™4 = |z|*7%, for all t > 0.

Now, by applying the law of iterated logarithm for each component Y?, i = 1,..,d, we
conclude that 7, is P;-a.s. finite. Thus, we obtain by letting ¢ — oo and applying dominated
convergence that

027 = Jim B [[Vr, ond*) = Eu [V, [ = a2 OBy, | = ] + BRIV, | = 1],

Moreover, as P, [|Y;, ,| = a] + P, [|Y;, | = b] = 1, we obtain for any 0 < a < |z| < b that

a4 — |z[2-d

|a? 2—d __ b2—d
_ 1 2—d _}2-d ° (1)
a b

IP’w“YT =a

wl =0 = S PelYe | =0] =

Now, consider the stopping times
7o =inf {t > 0| |V;| =0}
Jb::inf{tEOHYH Zb}.

Let (an)nen be a sequence decreasing to 0 such that a,, < |z| for all n. We deduce from (1),
as d > 3, that for any fixed b > |z|,

P.lro < 03] = Pz[ﬂ{fan < ob}} = lim Py [r,, <] = lim P[|Yr, | =a,] =0. (2)
n

Let (by,)nen be a sequence which increases to infinity such that |z| < b, for all n. Applying
(2), we observe that

P, [Yt =0 for some ¢ > 0] =P, [U {TO < an}} = le P, [7'0 < abn} =0.

Next, we consider the case when d = 2. Using the same argument as in the case d > 3, but
with respect to f(y) := log ﬁ, yields that for any a < |z| < b

log% log 121
‘b" Pz[‘y‘r{,b|:b] = o8 (Z .
log 2 ) log 2

a

P:L’“Y'rn,,h‘ = a] =

With the same arguments as in the case d > 3, we obtain that

]P’I[YtzoforsometZO] =0.
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Exercise 10.3 Let B be a Brownian motion in R?, 0 # z € R? and define the process M =
by
1
My = ———.
"7 )z + By
This is well defined since one can show that P[B; = —x for some t > 0] = 0.

(a)

Show that M is a continuous local martingale.
Hint: Use [t6’s formula.

Moreover, show that M is bounded in L?, i.e., sup;so E[|M;[|?] < oc.
Hint: For any ¢ > 0, show that

3 1 ly —zf?
E[IMtlzl{wmz%}} = (2mt)"2 / T &P <— 5 | )dy

|z
ly|<5

and estimate the right-hand side from above using the reverse triangle inequality.

Show that M is a strict local martingale, i.e., M is not a martingale.

(My)e>0

Hint: Show that E[M;] — 0 as t — oco. To this end, similarly to part a), compute E[M;] and

use the reverse triangle inequality as a first estimate. Then compute the resulting
using spherical coordinates.

integral

Remark: This is the standard example of a local martingale which is not a (true) martingale.
It also shows that even good integrability properties like boundedness in L? are not enough

to guarantee the martingale property.

Solution 10.3

(a) Since the 3-dimensional Brownian motion B = (B!, B2, B3) takes values in the open set
D =R\ {~ x} P-a.s., we can apply Itd’s formula to My = f(B;) with f: D — (0,00) given

by f(y) := \z+y\

For ¢ =1,2,3, we have
ﬁ()iiﬂﬂ/i 0’ f ()7—|m+y|2+3(wi+yi)2
oy |x+y|3’ By 7 [+ P

It follows that Af = (8x1)2 + (8;c2)2 + (8363)2 =0 on D. Hence, Itd’s formula yields

B’L
M, = MO+/Vf ) dB,s + = /Af ds—— Z/ |;U++BT3dB;.

Thus, M is a continuous local martingale.
Let’s show the second part. For ¢t > 0,

, 2 s 1 ly?
E || M7, | M| > 12l = (2mt)" 2 izt g2 exp |~ dy

o

|z+y|< L2l
. 1 —z|?
= (27rt)_% / Wexp <_|y 2:| > dy
ly| <1zl !
1 _ 2
Yy
ly| <1zl
_a || / 1
< (27t) " 2 - —d
<em)ben(-50) [ g

|z ]
\y|§7
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The integral term in the preceding expression is finite since the domain of integration is
3-dimensional. Moreover, the function ¢ — (27t)~2 exp (—u) is continuous on (0, c0) and

converges to 0 as t — 0 and ¢t — oo, hence it is bounded on (0,00). It follows that M is
bounded in L2

(b) For ¢t > 0, using spherical coordinates,

_ 2
2(27Tt)_3/2 ( |y x| )
]R3 |y\

2
< (27Tt)_3/2 RS |y‘ exp( |y| |1‘| ) dy

27 ™ _ 2
(2mt)3/2 / / / ~exp ( ! 2‘tx|) ) 2 sin 0 dfdpdr
0

2
= 47 (27t)~ 3/2/ rexp( L 1) > dr
o 2
7 (2mt) 3/2/ (r+ |z|) exp( r > dr
= 4r(2mt)~3/2 /OO reXp —ﬁ d?“—i—|36|/OO exp —ﬁ dr
ja 2 ~la] 2

< 47 (27t) 3/2<[ texp )]Oolxlﬂxx/%)
m(27t) 3/2<texp( > |xr) ( ) (t — o).

Hence, E[M;] — 0 as t — co. Since E[My] = |£| > 0, M cannot be a martingale.
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