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Exercise 13.1 Let (By);>0 be a Brownian motion defined on a probability space (2, F, P). Consider
the SDE

Xt:/o b(XS)ds—i—/0 o(Xs)dBs, Xo=0 (1)

where b(x) := 3z'/% and o(x) := 32%/3. Show that the SDE has uncountably many strong solutions

of the form
X(e) 0, 0<t< fPo,
Btgﬂ B(‘) S t < o,

where 0 < O < oo is any fixed constant and Sg := inf {5 >0 | B, = ()}.

Exercise 13.2 Recall that Cy(R) denotes the space of continuous functions f : R — R that vanish
at infinity. We call C3(R) the space of twice continuously differentiable functions f on R such that
fy f/ and f” all belong to Cy(R). For a,b: R — R Lipschitz-continuous and bounded, we define the
partial differential operator A : C3(R) — Co(R) by

2
Af(x) = a(x)%(x) + %bz(l’)%(z), x eR.

The goal of this exercise is to link weak solutions of the SDE
dXt = a(Xt) dt+b(Xt) th (0)

to solutions of the martingale problem for (A, C%(R)), where C%(R) denotes the subspace of
compactly supported functions in CZ(R).

(a) Let X be a weak solution to (¢) with initial distribution d;,;. Show that X is a solution
to the martingale problem for (A,C%(R)). In other words, show that if (Q, F,F,Q, W, X)
is a weak solution to (¢) with initial distribution d;,y, then the process M f defined by

M = f(X,) fo Af(X)ds, t >0, is a (Q,F¥)-martingale for each f € C%(R).

(b) Fix z € R and let X, defined on some probability space (2, F, P), be a continuous process
which is a solution to the martingale problem for (A, C%(R)) with XO = z. Show that the
process M = X — fo s) ds is a continuous local martingale with ( fo bi(X
Hint: For the first assertlon use the fact that X is a solution to the martlngale problem for
(A,C%(R)) for a sequence of functions in C%(R) that approximates the identity on R, and
construct a compatible localising sequence (7,,)nen for M.

For the second assertion, first follow the same strategy for the function y ~ y?,y € R. Then
show that M? fo b%(X,) ds is a continuous local martingale by expressing it as the sum of
continuous local martlngales.

(c) In the setting of b), assume that b(x) # 0 for all © € R and construct from X a weak solution

of (¢) with initial distribution ;.
Hint: Consider B := [ };()1(79) dM,.
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Exercise 13.3 Linear SDEs

Let (B¢)e[o,r) be a Brownian motion in [0,77] and a1, az, b1, bo deterministic functions of time.
The general form of a scalar linear stochastic differential equation is

dX, = (a1(t) X, + az(t)) dt + (b (t) Xy + ba(t)) dB,. 2)

If the coefficients are measurable and bounded on [0,T], we can apply Theorem (10.14) to get
existence and uniqueness of a strong solution (X;):cjo,7) for each initial condition z.

(a) When aq(t) = 0 and bo(t) = 0, (2) reduces to the homogeneous linear SDE
dX; = al(t)Xtdt + b (t)XtdBt. (3)

Show that the solution of (3) with initial data x =1 is given by
¢ 1 ¢
X, = exp </ (ai(s) — §bi(s))ds +/ bl(s)st> .
0 0

Remark: We can write (3) as
dXt = Xtd}/t, where d}/f = al(t)dt + b1 (t)dBf

Analogously as in the martingale case, (X;);>0 is called stochastic exponential of (Y );>¢ and
is denoted by E(Y);.

(b) Find a solution of the SDE (2) with initial condition X, = x.

Hint: Look for a solution of the form
Xt == Ut‘/fn

where
dU; = aq (t)Utdt + by (t)UtdBt, Uy=1

and
dViy = a(t)dt+ 5(t)dB;, Vo =z,

with a(t) and 5(t) coefficients to be determined.
(¢) Solve the Langevin’s SDE

dXt = a(t)Xtdt + dBt, XO =Xx.
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