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March 24th

Exercise 4.1 Let W be a Brownian motion on [0,00) and Sy > 0, 0 > 0, u € R constants. The
stochastic process S = (S;)¢>0 given by

Sy = Soexp (oW + (u — 0 /2)t)
is called geometric Brownian motion.

(a) Prove that for u # 02/2, we have

lim S; = 400 P-a.s. or lim S;=0 P-as.
t—o00 t—o00

When do the respective cases arise?
(b) Discuss the behaviour of S; as t — oo in the case p = 02/2.

(¢) For u =0, show that S is a martingale, but not uniformly integrable.

Solution 4.1
(a) Noting that a.s. W;/t — 0 we have that:
o If (u—02/2) >0as. oW+ (u—02/2) = oo, thus lim S; = co.
o If (u—0?/2) <0as. oW, + (u—0?/2) — —oc0, thus lim S; = 0.

(b) The fact that a.s. liminf B; = —oo and limsup By = oo implies that when y = 02/2,
liminf S; = 0 and limsup S; = oo.

(c) Note that if s <t we have that W; — Wy is independent of F and follows the law of a centred
normal with variance t — s

E[S; | F5] = SoE [exp(oc(W; — W) + oW, — 0?t/2) | F,]
= Spexp(cW, — 0?s/2)E lexp(a(Wy — W) — o (t — s)/2] = Ss.

Thus S; is a martingale that converges to 0 a.s.. To see it is not uniformly integrable suppose
it is. We would have that Sy = E [lim;_,¢ S;] = 0.
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Exercise 4.2 Consider two stopping times o, 7 on a filtered probability space (Q,F, (F;), P). The
goal of this exercise is to show that

BIE[- |F,)|5,] = E[ - |Fons] = E[E[ - |5,]|F,] P-as., (%)

i.e., the operators E[ - |F,;] and E[ - |F,] commute and their composition equals E[ - [Fonrr]-
Remark: For arbitrary sub-c-algebras §,5 C &, the conditional expectations E[E[ - |G]|9'],
E[E[-19]|9] and E[-|5N §’] do not coincide in general.

(a) Show that o A 7 is a stopping time and F,pr = F- N F,.

(b) Show that if A € F,, then AN{oc <7} and AN {o < 7} belong to F;.
Hint: For the second assertion, use that a < b if and only if there is a rational ¢ such that

a<qg<hb.
(c) Conclude that {o < 7},{0c <7} € Fonr-

(d) Show that E[Y|F;] is Fya--measurable if Y is an integrable F,-measurable random variable.
Conclude (*).

(e) Let M = (My);>0 be a right-continuous martingale. Show that the stopped process M7 =

(Mrat)e>0 is again a martingale.
Hint: Use (x) and the stopping theorem.

Solution 4.2

(a) Note that {oc A7 <t} = {0 <t} U{r < t}, because each of this element belongs to F; we
have that o A 7 is a stopping time.

For the second part let us firt prove that F o, C F, N F,. Take A € F A+, by definitioni
(An{o AT <t} € TF from where it follows that,

An{fo<t}=(An{onT<t}hNn({o <t}) € F.

Thus F,anr C Fs, doing the same thing for 7 we have that F, o, C Fs N F;. For the other
inclusion, let A € F, N F,.. We see that

Aﬂ{a/\Tgt}:Aﬂ({ogt}U{TSt}) - (Am{agt})u(Am{Tgt}) €,
and thus, A € Fyar.
(b) Take A € F,. To see that AN {o < 7} € F; note that

Anfo<thn{r<ty=An{r<thn |J {o<gn{g<r}ed.
q€[0,¢)NQ

To see that AN {o < 7} € F,, note that thanks to (a) for any t > 0, 0 At is a stopping time
and F,ar C Fy, thus 0 At and 7 At are F; measurable. Then for any ¢t > 0,

An{o<7rin{r<t}=An{r<thn{oc At <TAt} €T}
This is because the first and the second term belong to F;.

(¢c) Let ¢ > 0. By taking A = Q in part (b) we know that {¢ < 7},{c < 7} € F, and
{r <o}, {r <o} €F,. Thus by taking complements {c < 7},{oc <7} € Fr NF, = Fonr.
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(d)

Let us first prove that if Y is Fy-measurable then Y1(,<.y is F; 5, measurable. Due to the
fact that {o < 7} € F, we have that Y1(,<,} is F, measurable. Now let us prove that it is
F,-measurable. To do this note that thanks to problem (b) this is true for any step function,
ie,if Ay,..., Ay € Fy and Ay, ..., A, € R then taking Y = 3" | A\j14, we have that Y1,<}
is F,-measurable. For a general Y, we take Y (") a sequence of step function converging to Y,
we have that Y(”)l{UST} — Y1i5<7y. Thus, Y1i,<;) is Fr-measurable. We also have that
if Z is F--measurable, Z1(, 5} is F,a,--measurable.

Now, let us see that
E [Y | .rf.,-} =E [Y1{7<U} | 977—] +E [Y].{US.,.} | 3:7] =E [Y | St.,—] ]_{.,.<J} + Y]_{US.,.}

each term is F,A,-measurable from where we conclude that E[Y | ;] is F,,--measurable.

To see (%) it is just enough to note that for any integrable r.v. Z, E[E[Z | F,] | F;] is
F,nr-measurable, thus it is equal to E [E[Z | F5] | Fras) = E[Z | Foar], thanks to the tower
property.

Take s > ¢ and note that 7 A s < 7 At are bounded stopping times, then thanks to the
Stopping theorem

E[MT/\t | SFS] = E[E [Mt | ?TAt] | 3'8} = E[Mt | ?sAT] = M rs

where in the second equality we used (*).
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Exercise 4.3 Let (2, F,3;) a filtered probability space. Take N a continuous positive martingale
(i.e. almost surely N; > 0) with Ny =1 and Ny — 0 as t — oc.

(a) Show one example of a martingale satisfying this conditions.
(b) Show that for all a > 1, T, := inf{t > 0, N; = a} is a stopping time.

(c) Use the stopping time theorem to show that sup,-q NV faw 1/U, where U is a uniform random
variable.

Hint: Tt may be useful to note that {sup,>o Ny > a} = {T, < oo}.
Solution 4.3
(a) Take p =0 and use S; of Exercise 4.1.

(b) Note that because N is continuous and Ng = 1

{T.<t}= ) U Ny=za-eed.

€€(0,1)NQ ¢€(0,4)NQ

(c) We have that Niar, is a bounded martingale (see exercise 2. (e)) thus bounded convergence
theorem

t—o00

1=E [Nt A Ta] — E [NTal{Ta<oo}} = G/]P)(Ta < OO)

Thus, thanks to the hint P(sup Ny > a) = 1/a, i.e., P(1/sup N; < a) = a which is exactly the
law of a uniform random variable.
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