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Exercise 6.1
Let (Bt)t≥0 be a Brownian motion and define the process (Mt)t≥0 by Mt = sup0≤s≤tBs.

Show that for any fixed t ≥ 0
Mt −Bt

Law= |Bt|
Law= Mt. (1)

That is, show that the random variables have the same density functions.

Exercise 6.2 Let (Bt)t≥0 be a Brownian motion and denote by Gt := σ(Bu, u ≤ t), t ≥ 0. Define
R̃0f(x) = f(x) and

R̃tf(x) = 1√
2πt

∫ ∞
0

f(y)
[
exp

(
− 1

2t (y − x)2
)

+ exp
(
− 1

2t (y + x)2
)]

dy, t > 0.

Let us consider the process (Xt)t≥0 by Xt := |Bt|. Show that

E
[
f(Xt+h)

∣∣Gt] = R̃hf(Xt) P -a.s. for f ∈ bB(R) and t, h ≥ 0.

Exercise 6.3 Let (Bt)t≥0 be a Brownian motion. For any a > 0 consider the stopping times

Ta := inf
{
t > 0

∣∣Bt ≥ a},
Show that the Laplace transform of Ta has value:

E
[

exp(−µTa)
]

= exp
(
− a
√

2µ
)
, ∀µ > 0.

and show that P [Ta <∞] = 1.
Hint: Consider the martingale Mλ

t = exp
(
λBt − λ2

2 t
)
.

Exercise 6.4 Let (Fn)n∈N be a decreasing sequence of sub-σ-fields of F (i.e. Fn+1 ⊆ Fn ⊆ F,∀n ∈
N) and let (Xn)n∈N be a backward submartingale, i.e. E[|Xn|] < ∞, Xn is Fn-measurable and
E[Xn |Fn+1] ≥ Xn+1 P -a.s. for every n ∈ N.

(a) Show that for any n ≥ m, N,M > 0,

E
[
−Xn 1{−Xn≥M}

]
≤ E

[
Xm]− E

[
Xn

]
+ E

[
|Xm|1{−Xm≥N}

]
+ N

M
E
[
X−n
]
.

(b) Show that lim
n→∞

E[Xn] > −∞ implies that the sequence (Xn)n∈N is uniformly integrable.
Hint: use a) to conclude that (X−n )n∈N is uniformly integrable.
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