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Solution 1.1 Since X > 0 P-a.s., it is sufficient to show that P[X > 0] = 0. Since for all n € N
we have the inequality
1{x>i} < TLX,

=mn

we conclude by taking on both sides expectation that
1
P{Xz] <nE[X]=0
n

by assumption. But since {X > 0} is the increasing union of all {X > 1} n e N, ie., {X >0} =
U {X > %} with Tyx~0y = limy 0 L1y x>1y P-a.s., the monotone convergence theorem yields
that ’

1
P[X >0 = 1imP{Xz]:o.
n

n— oo

Solution 1.2
(a) By definition of a probability measure, we must have P [Q)] = 1. Thus, P [{w2}] =1 — P [{w1}] — P[{ws}] = 0.3.
(b) A= {ws,ws} ={X =—4 or X = —8} is the event that the share becomes cheaper.

(c) Denote A := {w1}. Then G = o (A, A°). This means that G is generated by two disjoint sets.
Hence the conditional expectation takes the form

E[X1,4] E[X1 4]

EX = 1 1 4.
Since Eg&f‘} =12 and
E[X1 4] 1
—————— = —(—4P — 8P = —5.
we obtain the explicit representation
12 on {ws},

EX|G]=12x 14 —5.6x 14 = .
X161 4 4 {5.6 on {wy,ws}.

(d) We first note that @ ~ P if and only if g := @ [{wg}] > 0 for k£ = 1, 2, 3. Thus an equivalent
probability measure can be identified with a triplet (¢1, g2, g3) of strictly positive real numbers
whose sum is one. Computing the @Q-expectation yields

Eq[X] =12¢1 —4g> — 8¢3.

Thus, the set of equivalent probability measures @ for which 4 = Eg [X] holds can be
represented by the solution of the linear system

3g1 —q2—2g3—1 =0,
g1 +q2+q3—1 =0,
41,92, 93 > 0.
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The solution to this is given by

q = i()‘+2)a
g = 1(2-5)),
s =Xxe(0,2).

Solution 1.3 Black Scholes closed formula

Ele"™V=")(Sy — K),|F,] =E

.

S K
—r(N-n) ON B
e Sh <Sn Sn)+

2 N )
As % = e(T_T)(N_nHUZimH Ui is independent of F,,, we get :
S K
E|e"W-ng, ©ON 2 | = w(S,
e 5. 5./, Fn| = ¢(Sn)
where

We replace g—” and we get:

o2 N
(,0(.13) —E €7T(N7n) (xe(rz)(N”)+U Zi:71+1 U; _ K) ]
+

As U; are iid ~ N(0,1), then 37 . U; ~ N(0,N — n).

(72
p(z) = [e "WV (xe(r_z)(N—n)er/m U K) ]
+

Then we will use (¢ — b))+ = (a — b)145p. Let call = N —n.
2

IV K
xe(r 2)9+ Vo U > K & (7‘—‘72)9+0\/§U1>log(x)

K 2
@a\/gUl > log (x) — (r— 02) 0

log(%)Jr(rf%z)ﬁ Ly
oo -

s Up > —

So we have:

2
(p(i[,’) - |:e7'0 (xe(rz)GJrU\/gUl 7 K> 1(U1>—d2):|
=F |:£L'e_70+o\/§U1 1(U1>—d2) —e GKl(U1>_d2)}

02
= [ T gy | — UK PIUL > ~dy)
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The first term can be written:

o2 o2 1
E[e_T‘ge”\/@Ull _ ]:/ e T0oVO e zd
(U1>—d2) R y> dzm Y
1 1 7<y—a~/§>2d
—dy) ——E 2
R (y>—d2) /o Yy
1 22

1 ——e 2dz
- (2>—(d2+0V0)) NG

P[U; > —(dy + 0V0)] = P[U; > —di]

AsUp ~ N(O, 1)7 P[Ul > 7d1} = P[Ul < dl], we have:

o(z) = aP[Uy > —di] — e "’ KP[U; > —ds)]
= 2P[U; < dy 4+ V0] — e " KP[U; < dy)
=xN(d) — e " KN(dy)

Finally
Ele "™ (Sy — K)+[Fa] = ¢(Sn)
= S, N(dy) — e " K N(dy)

Solution 1.4

from math import exp, log, sqrt

> from scipy.stats import norm

5 def call_closed_formula(maturity, spot, strike, rate, vol):

Closed Formula for a call in Black Scholes.

sigmasqrt = vol * sqrt(maturity)

dl = (log(spot / strike) + rate * maturity) / sigmasqrt + sigmasqrt * 0.5
d2 = dl — sigmasqrt

return spot * norm.cdf(dl) — exp(—rate * maturity) * strike * norm.cdf(d2)
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