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Exercise 5.1 Let (go, S 1Y be an arbitrage-free financial market with time horizon 7' and assume
that the bond satisfies SO = (1+7)k for k=0, ..., T with r > 0. Denote the set of all equivalent
martingale measures for S* by P.(S'). Fix K > 0 and let k € {1,...,T}. The payoff of a European
call option on S1 with strike K and maturity k is denoted by C¥ and given by

CF = (51 - K)",

whereas the payoff an Asian call option on S! with strike K and maturity k is denoted by C;;‘ and

given by
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(a) Fix Q € P.(S!). Show that the function {1,...,T} = R*, k— Eg [%’ﬂ is increasing.
k

Hint: Use Jensen’s inequality for conditional expectations.

(b) Fix Q € P.(S'). Show that for all k =1, ..., T we have
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(c) Fix Q € P.(S%). Deduce that for all k =1, ..., T we have
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Exercise 5.2 In this exercise we consider the probability space (2, F, P) and a market given by
70 =1, =1,
SO =" St =¢e¥

where Y follows a standard normal distribution under P. If you want, you may assume that 2 = R.
Define

Hb(ccall) .

b Ocall 1 . . . . . b b Sl 1
E° | ——| : S is binomially distributed under P°, E =7 ;.

er ?

This is the set of arbitrage free prices under some measure for which S! is binomially distributed.
The goal of this exercise is to show that

Hb(Ccall) g [Hinf(ccall)’ Hsup(ccall)} )
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(a) Construct a sequence of martingale measures absolutely continuous to P that converges
weakly to a martingale measure under which S* is binomially distributed.

(b) Construct convex combinations of this sequence and P* to show the inclusion above.

Exercise 5.3

(a) Let f: R — RU{xoo} be a function. We define f*: R — R U {£o0} such that
Fy) = sup{yr = flz)} Yy eR.
(1) Show that f* is a closed convex function.!
(2) Show that if f is a closed convex function then f** = f.2
(b) Let now f: X — RU{+oo} and f*: X* — R U {+o0}* defined as follow

[ (@") == sup{<z™, x> —f(x)} Va* e X*.
reX

Show that if f is a closed convex function then f** = f.

(c) Let C C X be a non-empty closed convex cone. The polar C° = {2* € X*| <a*,z><
0 Vax € C} of C is then another non-empty closed convex cone and (C°)° = C. Show that if

0 xzeC

oo else

) = 0(a1C) = {
is the indicator function of a cone C then (C°)° = C < f** = f.

Exercise 5.4 Python - Path dependent derivative

(a) Change the binomial price function to handle a double knock-out barrier call option with
payoff f(St) = (St — K)+1la<s,<bo<t<r- Same for a double knockout barrier put option.

(b) Draw the graph for a cal and a put, for steps number = 10.

(¢) Compare with Monte Carlo (see compare.py).

LA convez set is a subset C' of a vector space X if for all z,y € C, A € [0, 1] we have that Az + (1 — \)y € C. Let
f:R — RU{zxoo} be a function, we define the epigraph as epi(f) = {(z,a) : z,a € R and f(z) < a}. f is said to
be a convex function if epi(f) is a convex set. f is said to be a closed function if epi(f) is a closed set.

2If f is a lower semi-continuous and convex, then f(z) := sup,< s{a(z)} where the supremium is taken over all
continuous affine functionals on X.

3The dual space of X denoted X* is the space of continuous linear functionals on X.
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