
ETH Zürich
D-Math, Spring 2017
Prof. Josef Teichmann

Coordinator
Calypso Herrera

Introduction to Mathematical Finance
Exercise sheet 6

Exercise 6.1

(a) Recall and prove the numeraire change theorem.

(b) Show that the forward Libor rate (L(t, T, T+δ))t1 is a martingale under the forward probability
PT+δ. Derive the arbitrage free price of a caplet with payoff Ccaplet = δ(L(t, T, T + δ)−K)+.

(c) Using the formula

ST0,TN
(t) = P (t, T0)− P (t, TN )∑N

k=0 δP (t, Tk)

show that the swap rate (ST0,TN
(t))t is a martingale under the annuity probability PA where

the annuity is A(t) =
∑N
k=0 δP (t, Tk). Derive the arbitrage free price of a swaption with

payoff Cswaption = A(Tf )(ST0,TN
(t)−K)+.

Exercise 6.2
Derive a formula for the arbitrage free price of following contingent claims.

(a) up-and-out call option, Ccallu&o = (ST −K)+1 max
0≤t≤T

St<B

(b) down-and-in put option, Cputd&i = (K − ST )+1 min
0≤t≤T

St≤B

(c) lookback put option, Cputmax = max
0≤t≤T

St − ST

(d) lookback call option, Ccallmin = ST − min
0≤t≤T

St

Exercise 6.3 We consider a binomial market model with N periods on a period of time of length
T . The riskless asset grows at a rate r = RT

N , where R is the (constant) instantaneous interest rate,
and the risky asset’s price goes up by a factor 1 + u and down by a factor 1 + d such that

log
(

1 + u

1 + r

)
= − log

(
1 + d

1 + r

)
= σ

√
T

N
,

for some constant σ. The starting values (at time t=0) of both the assets is 1 P-a.s. The unique
equivalent martingale measure P∗ for S1 is such that the (Yi)i∈{1,2...,N} are i.i.d. and given by

P∗ [Yi = 1 + d] = 1− P∗ [Yi = 1 + u] = u− r
u− d

= p∗

We study the limiting case for N →∞.

(a) Let (Zn)n∈N be a sequence of random variables of the form :

Zn =
n∑
i=1

Xn
i

1the forward zero-coupon P (t, T, T + δ) = 1
1+δL(t,T,T+δ) and P (t, T, T + δ) = P (t,T+δ)

P (t,T ) .
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for n ∈ N, Xn
i ∈ {−σ

√
T
n , σ

√
T
n } and the variables (Xn

i )i∈{1,2,...n} are independent identically
distributed with mean µn. The constants µn are such that limn→∞ nµn = µ.
Prove that the sequence (Zn)n∈N converges in law to a gaussian random variable with mean
µ and variance σ2T .
Hint: Use the fact that point-wise convergence of the characteristic functions of a sequence of
random variables (if the limiting function φ is continuous at 0) implies the convergence in law
of this sequence of random variables to a random variable whose characteristic function is φ.

(b) We consider a European put option, with strike K and maturity T . Show that its value at
time 0 is given by

V P,N0 = E∗
( K

(1 + r)N
− S1

0 exp (ZN )
)+
 ,

where E∗ denotes the expectation under P∗, and ZN is a random variable that you will define.

(c) Use part a) to prove the following asymptotic price :

lim
N→∞

V P,N0 = Ke−RTΦ(−d2)− S1
0Φ(−d1),

where d1 =
log
(
S0
K

)
+RT + σ2T

2

σ
√
T

, d2 = d1 − σ
√
T and Φ is the cumulative distribution

function of a standard normal random variable.
Hint: Use the value of p∗ and of u to prove that limN→∞NE∗

[
log
(
Yi

1+r

)]
= −σ

2T
2

Exercise 6.4 Python - Trinomial model Inspire yourself from binomial price array to complete
the trinomial price function.

1 def trinomial_price(maturity, spot, strike, rate, vol, steps_number , payoff_fct
=None, graph_name=None):

2 """Compute the trinomial price. Draw graph if graph_name is given.

3 """

4 proba_up = 0 # TODO

5 proba_down = 0 # TODO

6 proba_middle = 0 # TODO

7 steps = range(steps_number)
8 spot_prices = [] # TODO

9 option_prices = [] # TODO

10

11 # The following two list are only needed to display the graph:

12 spot_prices_history = [spot_prices]

13 option_prices_history = [option_prices]

14

15 # TODO

16

17 if graph_name:
18 create_graph(graph_name , spot_prices_history , option_prices_history)

19

20 return option_prices[0]
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