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Exercise 6.3 We consider a binomial market model with N periods on a period of time of length
T'. The riskless asset grows at a rate r = R—J, where R is the (constant) instantaneous interest rate,
and the risky asset’s price goes up by a factor 1 + u and down by a factor 1+ d such that
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for some constant . The starting values (at time t=0) of both the assets is 1 P-a.s. The unlque
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We study the limiting case for N — oo.

(a) Let (Zn),ex be a sequence of random variables of the form :

n
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i=1
forn € N, X! € {70\/%, o,/ L
distributed with mean i,,. The constants y,, are such that hm,Hm Nfln, = [L.

Prove that the sequence (Z,),, ¢y converges in law to a gaussian random variable with mean
u and variance 0T

Hint: Use the fact that point-wise convergence of the characteristic functions of a sequence of
random variables (if the limiting function ¢ is continuous at 0) implies the convergence in law
of this sequence of random variables to a random variable whose characteristic function is ¢.

(b) We consider a European put option, with strike /' and maturity 7. Show that its value at

time 0 is given by
+
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where IE* denotes the expectation under P*, and Zy is a random variable that you will define.
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Hint: Use the value of p* and of u to prove that limy_, . NIE* [log (1—_);5)]
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