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Solution 6.1

S, S,
(a) If (Nt)ieqo,..,ry @ numeraire, ( t) is a Q-EMM < <t) is a QV-EMM
t t

By Ny
where

dQ"
dQ

(b) The forward Libor rate (L(t,T,T + 9)); is a martingale under the forward probability.

LT, T +06) :% (PuTlM _ 1)
:% (P(i(;?é) - 1)

By the numeraire change theorem, if we take as numeraire the zero-coupon bond (Ny )0, 7} =
(P(t, T+ 9))ieqo,.. 7y then we have that

PE,T)N PLT) \ . s
( B, )tlsaQ—EMM <— (W)tlsaQ +5_EMM

1 P(t,T) ) TS
< <(5 <W — 1>>tlS a Q +0—]’31\/.[1\/.[

— (L(t, T, T +9)),is a Q" -EMM.

_ Ne/N,
s  Br/B

The arbitrage free price of a caplet with payoff C<?'*! = §(L(t,T,T + 6) — K), is

caplet
ﬂ_(Cca;Dlet) :E? ( C )

Brys/B:
—B, E? (5(L(T7 T,thj) - K)+>
=B, EQN dQ 6(L(Ta T,T+ 5) — K)+
! dQN | £ Brys
_p, g9 (BT+6/Bt TT,T+5)—K)+)
Nrys5/Ny Brys
’ NT+o

The numeraire here is the zero-coupon N, = P(t,T + 9).

L(T, T, T+6) — K)4
P(T10,T+9)

=P(t,T+6) EX " (S(L(T,T,T +6) — K).)

n(CeoPlet)y =P(t, T + 6) B (
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(c) The swap rate (St, 1y (t)): is a martingale under the forward probability.

: A(t)

(P(t, To) — P(t, T)
A()

= (St,,1y(t)),is a Q*-EMM

<P(ZT1-)> is a Q-EMM (i = 0, N) < (P(t,ﬂ-)) is a QEMM (i = 0, N)
¢ t

) is a Q“-EMM
t

The arbitrage free price of a swaption with payoff C****™ = A(T})(Sr, 7y (t) — K)4 is

. Cswaption
swaptiony _ pQ [~
7(C ) =E, ( Br/Br )
=B, EY (A(Tf)(STo,TN (Ty) — K)+>
Br

—A(t) EQ" (A(Tf)(ST(ZTEI;—‘iJ;f) - K)+)

=A(t) EtQA ((Sty, 7w (Ty) = K)4)

Solution 6.2
(a) Book chapter 5.5.2

(b) Book chapter 5.6.1
(¢) Book chapter 5.53

(d) Book chapter 5.62

Solution 6.3

(a) Let us compute the characteristic function of Z,, :

d)Zn (Z) =E [eizzn]
—E {eiz i Xz-"}
_ :1IE |:61'in }

7

—E |:eizXf:|n

where we get the third equality by independence of the X*, and the fourth because they are
identically distributed. A Taylor expansion gives :

n 252T 1
E[e’le]:(1+izﬂn—”+0(>>~
2n n

Hence lim,,_, oo ¢y, (2) = exp (izu — ‘TQZZT), which is continuous at 0 and the characteristic

function of a normal random variable with mean z and variance 02T
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(b) The price at time 0 of an attainable claim is given by the expected value under an equivalent
martingale measure of its discounted payoff :

VPN _ = _<K - 5}\[)1
0 _(1 +r)N
o (s )
RS
e .
=E _((1+r)N — S exp (ZN)> :

where Zy = Zfil log (1}«;7«)

(c) By assumption, log (117“) is valued in {—a\/%, 01/%} and the Y;’s are i.i.d. under P*.
Furthermore we have :

eVE (14 8Ly 1 BT ) [T
=(1-2 L
( VE (14 BL) — ooV (14 By ) VN

T
N —e

|
Q
|

and we can use the result proved in a) with pu = —HTT.

Consider the function f(z) = (Ke 1 — Soey)+ and the difference :

N
(1+Kr)N — Slexp (ZN)> _E* [(Ke*RT — Slexp (ZN))JF}

7NN
<K‘<1+ij> — e BT

‘ﬁw—wwwmqu*<
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Hence, we have lim y_, VOP’N = limy_ 0o E* [f(Zn)]. And since f is bounded and continuous,
a>T
)

and the sequence (Zy) v converges in law to a normal random variable with mean p =
and variance ¢2T, we have :

2

. * 1 OO —RT o’ﬁ'—“zT + -4
lim E [f(ZN)]:\/TTr/ (Ke — Spe?VHiYT T ) e~z dy
—o0

N—o0

1 o0 ?/2
= Ke BT — 1 27 € 2.d
V2T Jooe {Ke RT250e”¥Tv= %30y Y

_olr _y?
eVTv=5" T dy

1 oo
B SOE /*OO ]]-{KeiRT>Soe”ﬁy7 UQZT}
1 —da )
= KeiRT(I) (_d2) - SOE/ e—%(y—oﬁ) dy

1 [
= Ke *'® (—dy) — Sp——= e 2¥d
(—d2) 0 Nz Y
= Ke 1o (—dg) — Sp® (—dl)
Which gives the result.

Solution 6.4 The solution will be given the next week.
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