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Exercise 9.1 (Xn) a martingale, n ≥ 0 and E(X2
n) < +∞ .

(a) Let λ > 0,
τ := inf{k ≥ 0 : |Xk| ≥ λ} (min ∅ =∞)

Show that τ ∧ n is a stopping time.

(b) X∗n := max0≤k≤n |Xk|, show that

λP (X∗n ≥ λ) ≤ E(|Xn|1X∗n>λ) .

(c) Let b > 0, by writing (X∗n ∧ b)2 = 2
∫X∗n∧b

0 xdx, show that

E[(X∗n ∧ b)2] ≤ 2E[(X∗n ∧ b)|Xn|] .

(d) Using the Cauchy-Schwartz inequality, show that

E[X∗n] < +∞

and that
E[ sup

0≤k≤n
X2
k ] ≤ 4E[X2

n] .

Exercise 9.2 Let
HK
t := (K − St)+

(1 + r)t

be the discounted payoff of an American put option with strike K in a market model with one
risky asset S = (St)t=0,...T and a riskless asset S0

t = (1 + r)t, where r > 0. We denote by τKmin the
minimal stopping time of the buyer’s problem to maximize E[HK

t ] over τ ∈ T .

(a) Show that τKmin ≥ τK
′

min P -a.s. if K ≤ K ′.

(b) Show that ess infK≥0 τ
K
min = 0 P -a.s.

(c) Use (b) and the fact that F0 = {∅,Ω} to conclude that there exists K0 ≥ 0 such that τKmin = 0
P -a.s. for all K ≥ K0.

Exercise 9.3 Show that in every arbitrage-free market model and for any discounted American
claim H,

inf
P∗∈P

sup
τ∈T

E∗[Hτ ] <∞

and that the set Π(H) of arbitrage-free prices is nonempty.

Updated: June 8, 2017 1 / 1


