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Exercise 9.1 (X,,) a martingale, n > 0 and E(X2) < +0o0 .

(a) Let A >0,
7:=inf{k > 0:|Xy| > A} (min = oo)

Show that 7 A n is a stopping time.
(b) X} := maxo<g<n |Xk|, show that
AP(X;, > A) S E(|Xn|1x:50) -

c) Let b > 0, by writing (X* Ab)? =2 Kb xdx, show that
g (An 0

B[(X; Ab)*] < 2B[(X; Ab)IX]]

(d) Using the Cauchy-Schwartz inequality, show that

E[X}] < 40
and that
E[ sup X?] <4E[X?].
0<k<n
Exercise 9.2 Let
HK = (K B St)+
¢ (1+7)t

be the discounted payoff of an American put option with strike K in a market model with one
risky asset S = (S;)i—o,..7 and a riskless asset SY = (1 + ), where r > 0. We denote by 7.5 the
minimal stopping time of the buyer’s problem to maximize E[HX] over 7 € T.

(a) Show that 75, > 7K P-as. if K < K'.

min = 'min

(b) Show that ess inf x>0 75, =0 P-as.

min

(c) Use (b) and the fact that Fy = {0, 2} to conclude that there exists Ky > 0 such that 75 =0
P-a.s. for all K > K.

Exercise 9.3 Show that in every arbitrage-free market model and for any discounted American
claim H,

inf E*[H;] <
Al SR I < o0

and that the set II(H) of arbitrage-free prices is nonempty.
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