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Solution 10.1 Fix v and write U := U".
(a) Since the ODE

is separable, we find U’ from
1
InU’ :/de’ - —/1dg; = ylnz+C.
U’ T
From U’(1) = 1, we obtain C' = 0. Hence,
Ux) =277,

Integrate again to get

1Y .
U— — tD, ify#1,
Inz + D, ify=1.

The condition U(1) = 0 gives D = —1/(1 —v) and D = 0 for the two cases, respectively. The
utility function U = U is therefore given by

771 :
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In z, ify=1.

If we also want U to be concave, we have to impose > 0.

(b) We employ L’Hopital’s rule:
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which is what we wanted to show.

(c) If we normalize the utility functions found in (a) such that D = 0, we obtain

Hence, U” has constant elasticity 1 — 7.

Remark: This type of utility function is called isoelastic. Since an additive constant only
shifts the ‘utility’ by a fixed amount and does not change the behavior under, for example,
maximization, this name is also used for the utility functions found in (a).
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