
Problem 1. Consider the curve

K = {[X : Y : Z] | X3Y + Y 3Z + Z3X = 0} ⊂ CP2,

the plane
H = {[X : Y : Z] | X + Y + Z = 0},

and the rational map

ϕ : K 99K H

[X : Y : Z] 7→ [X3Y : Y 3Z : Z3X]

a) Prove explicitly that ϕ extends to a regular map on all of K by giving a
description near the points at which it is not defined.

b) Now look at the resulting map K → H. What is its degree? Compute the
branch points and the ramification indices. Check that the Riemann–
Hurwitz formula holds.

Problem 2. Let Fq be a finite field. Use your arguments in Problem 1
to count

#{[X : Y : Z] ∈ P2(Fq) | X3Y + Y 3Z + Z3X = 0}

in the case
q 6≡ 1 (mod 7).
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