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1. Consider the Laplace equation ∆u “ 0 in the domain 0 ă x, y ă π with the boundary
condition

uypx, πq “ x2 ´ a, uxp0, yq “ uxpπ, yq “ uypx, 0q “ 0.

Find all the values of the parameter a for which the problem is solvable.

2. a) Find nontrivial solutions of special form ωpx, yq “ XpxqYpyq of the equation

ωxx ` ωyy “ 0 0 ă x ă 2π, ´1 ă y ă 1,

ωxp0, yq “ ωxp2π, yq “ 0 ´ 1 ă y ă 1.

Hint. Read section 7.7.1. This problem can be solved by the similar method used there.

b) Solve the problem

uxx ` uyy “ 0 0 ă x ă 2π, ´1 ă y ă 1,

upx,´1q “ 0, upx, 1q “ 1` cos 2x 0 ď x ď 2π,

uxp0, yq “ uxp2π, yq “ 0 ´ 1 ă y ă 1.

Hint. Write the solution as an expansion of solutions of special form found in a).

3. Consider the Newmann problem

∆upx, yq “ 0, px, yq P r0, πs ˆ r0, πs,

uxp0, yq “ 0, uxpπ, yq “ sin y, y P r0, πs,

uypx, 0q “ 0, uypx, πq “ ´ sin x, x P r0, πs

In order to divide the problem into two subproblems, find a such that

∆31px, yq “ 0, px, yq P r0, πs ˆ r0, πs,

p31qxp0, yq “ apx2 ´ y2qx,

p31qxpπ, yq “ sin y` apx2 ´ y2qx, y P r0, πs,

p31qypx, 0q “ 0, p31qypx, πq “ 0, x P r0, πs
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and
∆32px, yq “ 0, px, yq P r0, πs ˆ r0, πs,

p32qxp0, yq “ 0, p32qxpπ, yq “ 0, y P r0, πs,

p32qypx, 0q “ apx2 ´ y2qy,

p32qypx, πq “ ´ sin x` apx2 ´ y2qy, x P r0, πs

are both solvable.

Remark. This is an example of the problem in Remark 7.25 in page 194 of [PR].
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