
Serie 5

1. Consider the Cauchy problem

utt ´ c2uxx “ 0, ´8 ă x ă 8, t ą 0.

upx, 0q “ sin x, ´8 ă x ă 8,

utpx, 0q “ 0, ´8 ă x ă 8.

a) Solve the Cauchy problem and find the forward wave and backward wave.
b) Prove that upx, t ` 2π

c q “ upx, tq.

2. A pressure wave generated as a result of an explosion satisfies the equation

Ptt ´ 16Pxx “ 0

in the domain tpx, tq| ´ 8 ă x ă 8, t ą 0u, where Ppx, tq is the pressure at the point x and
the time t. The initial conditions at the explosion time t “ 0 are

Ppx, 0q “

#

10 |x| ď 1,

0 |x| ą 1,

Ptpx, 0q “

#

1 |x| ď 1,

0 |x| ą 1.

A building is located at the point x0 “ 10. The engineer who designed the building deter-
mined that it will sustain a pressure up to P “ 6. Find time t0 when the pressure at the
building is maximal. Will the building collapse?

3. upx, tq is the solution of the Cauchy problem

utt ´ c2uxx “ 0, ´8 ă x ă 8, t ą 0.

upx, 0q “ f pxq, ´8 ă x ă 8,

utpx, 0q “ gpxq, ´8 ă x ă 8.

Let ũpx, tq “ upx,T ´ tq. Prove that ũpx, tq is the solution of the Cauchy problem

ũtt ´ c2ũxx “ 0, ´8 ă x ă 8, t ă T.

ũpx,T q “ f pxq, ´8 ă x ă 8,

ũtpx,T q “ ´gpxq, ´8 ă x ă 8.
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Remark. The wave equation is time reversible, i.e. the equation is invariant under time
reversing. It is not the case for the heat equation ut ´ uxx “ 0.

It is useful to know the equation being invariant under certain coordinate transformations.
This exercise is a very simple example. From this exercise, one can easily conclude that for
wave equation the property, which is true forward in time, will also be true backward in time.

Actually there is a set of transformations, under which the wave equation is invariant. It is
called Lorentz transformation. The formula for Lorentz transformation is as follows:

px, tq ÞÑ

¨

˚

˝

x´ vt
b

1´ p v
cq

2
,

t ´ v
c2 x

b

1´ p v
cq

2

˛

‹

‚

4. Use the graphical method to solve the Cauchy problem

utt ´ uxx “ 0, ´8 ă x ă 8, t ą 0

upx, 0q “

#

1 x P r´1, 0s Y r1, 2s,

0 x P p´8,´1q Y p0, 1q X p2,8q.

utpx, 0q “ 0 ´8 ă x ă 8.
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