
Solution 1

1. See the section 1.2 in [PR].

(a) 3. Ordnung; nicht linear, quasilinear.

(b) 1. Ordnung; nicht linear.

(c) 2. Ordnung; linear.

(d) 2. Ordnung; linear.

(e) 2. Ordnung; linear.

2. (a)
ux “ αeαx`βy, uy “ βeαx`βy,

we substitute u, ux, uy into the equation to get

pα` 3β` 1qeαx`βy “ 0,

so for any constants α, β satisfying the relation α`3β`1 “ 0, upx, yq “ eαx`βy solves
the equation.

(b)
uxx “ α2eαx`βy, uyy “ β2eαx`βy,

substituting into the equation, we get

pα2 ` β2qeαx`βy “ 5ex´2y.

Hence α “ 1, β “ ´2, upx, yq “ ex´2y is the only solution of the form upx, yq “ eαx`βy.

(c)
uxxxx “ α4eαx`βy, uyyyy “ β4eαx`βy, uxxyy “ α2β2eαx`βy,

substituting into the equation, we get

pα4 ` β4 ` 2α2β2qeαx`βy “ 0.

Hence α “ β “ 0, upx, yq “ e0 “ 1 is the only solution of the form upx, yq “ eαx`βy.
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3. (a) Integrate uy “ 2x for y,
u “ 2xy` cpxq.

Substitute into ux “ 2px` yq,

2y` c1pxq “ 2px` yq,

so c1pxq “ 2x. Integrate for x,

cpxq “ x2 ` c1, c1 P R.

u “ 2xy` x2 ` c1 solves the equation. up0, 0q “ 0 implies c1 “ 0.

(b) Any solution of the system is smooth, since 2px ` yq and Ax are smooth functions. So
any solution satisfies uxy “ uyx, contradicting

uxy “
B

By
p2px` yqq “ 2 , A “

B

Bx
pAxq “ uyx.

4. A particle starting its life at a boundary point dies at once. Thus

upx, y, zq “ 0, px, y, zq P BD.

Consider an internal point px, y, zq, by the similar derivation in the book, we get the difference
equation

upx, y, zq “ δt`
1
6
rupx´δh, y, zq`upx`δh, y, zq`upx, y´δh, zq`upx, y`δh, zq`upx, y, z´δhq`upx, y, z`δhqs

We expand all functions on the right hand side into a Taylor series, assuming u P C4,

upx´ δh, y, zq “ upx, y, zq ´ uxpx, y, zq ¨ δh`
1
2

uxxpx, y, zqpδhq2 ` Oppδhq3q,

upx` δh, y, zq “ upx, y, zq ` uxpx, y, zq ¨ δh`
1
2

uxxpx, y, zqpδhq2 ` Oppδhq3q,

etc.

Dividing by δt and taking the limit, we obtain

∆u “ ´
1
k
, px, y, zq P D.
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