Solution 1

1. See the section 1.2 in [PR].

(a) 3. Ordnung; nicht linear, quasilinear.

(b) 1. Ordnung; nicht linear.

(¢) 2. Ordnung; linear.
(d) 2. Ordnung; linear.
(e) 2. Ordnung; linear.

2. (a)

(b)

(c)

Uy = a,eax+ﬁy’ iy = ﬁewx+ﬂy’
we substitute u, uy, u, into the equation to get
(@ +38+ 1) =0,

so for any constants a, § satisfying the relation @ + 38+ 1 = 0, u(x,y) = A solves
the equation.

Upy = PPy, lyy = ,82 VXY
substituting into the equation, we get
(a? + B?)e™ Y — 5657,
Hence o = 1,8 = —2,u(x,y) = ¢*~? is the only solution of the form u(x, y) = e®*+#,
Urrex = @™ uy = By = &P BT
substituting into the equation, we get

(a* + B* + 20°B%) ™™ = 0.

Hence @ = 8 = 0, u(x,y) = ¢° = 1 is the only solution of the form u(x,y) = e®*+5.



3. (a) Integrate u, = 2x fory,
u=2xy+ c(x).

Substitute into u, = 2(x + ),
2y + ' (x) =2(x +y),
so ¢/(x) = 2x. Integrate for x,
c(x) =x*+c1, cleR.

u = 2xy + x* + ¢ solves the equation. u(0,0) = 0 implies ¢; = 0.

(b) Any solution of the system is smooth, since 2(x + y) and Ax are smooth functions. So
any solution satisfies uy, = uy,, contradicting

0 0
Uxy = a_y<2(x+y)> =2+A= a(AX) = Uyx.

4. A particle starting its life at a boundary point dies at once. Thus
u(x,y,z) =0, (x,,2) €0D.

Consider an internal point (x, y, z), by the similar derivation in the book, we get the difference
equation

1
u(x,y,z) = 6t+6[u(x—6h,y, 2)+u(x+6h,y, z)+u(x, y—6h, z)+u(x, y+06h, z)+u(x,y, z—6h)+u(x, y, z+6h)|
We expand all functions on the right hand side into a Taylor series, assuming u € C*,
1
u(x — 6h,y,2) = u(x,y,2) = ux(%,3,2) - 6h + Jux(%,3,2) (6h)* + O((5h)%),

1
u(x + o0h,y,z) = u(x,y,2) + uy(x,y,z) - 6h + Euxx(x,y, 2)(6h)* + O((6h)*),

etc.

Dividing by ¢t and taking the limit, we obtain
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