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1. From equation (7.9) on page 176 of [PR], let D “ r0, πs ˆ r0, πs,Γ “ BD,

0 “
ż

Γ

Bnu

“

ż π

0
uypx, πqdx`

ż π

0
uxpπ, yqdy

´

ż π

0
uypx, 0qdx´

ż π

0
uxp0, yqdy

“

ż π

0
px2 ´ aqdx

“
x3

3
|π0 ´ aπ

“
π3

3
´ aπ

ñ a “
π2

3
.

2. a) Substitute ω and we obtain

X2pxqYpyq ` XpxqY2pyq “ 0 ñ
X2pxq
Xpxq

“ ´
Y2pyq
Ypyq

“ ´λ

X1p0qYpyq “ X1p2πqYpyq “ 0

which implies the following eigenvalue problem

X2pxq ` λXpxq “ 0 0 ă x ă 2π,

Y2pyq ´ λYpyq “ 0 ´ 1 ă y ă 1

From the boundary condition, we get

X1p0q “ X1p2πq “ 0,

hence the solutions for the eigenvalue problem of s are

λn “ p
n
2
q2, n “ 0, 1, 2, 3...
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and the corresponding eigenfunctions are

Xnpxq “ cos
nx
2
.

Then we can solve the equation for Y , the general solution is (see equation (7.43) in
[PR])

Y0pyq “ α0y` β0, n “ 0,

Ynpyq “ αn sinh
npy` 1q

2
` βn sinh

npy´ 1q
2

, n “ 1, 2, 3...

so

w0px, yq “ α0y` β0

ωnpx, yq “ cos
nx
2

ˆ

αn sinh
npy` 1q

2
` βn sinh

npy´ 1q
2

˙

, n “ 1, 2, 3...

b) By the superposition principle, we can write u in the expansion of wn

upx, yq “ α0y` β0 `

8
ÿ

n“1

cos
nx
2

ˆ

αn sinh
npy` 1q

2
` βn sinh

npy´ 1q
2

˙

The boundary conditions implies

upx,´1q “ ´α0 ` β0 `

8
ÿ

n“1

βn cos
nx
2

sinhp´nq “ 0

upx, 1q “ α0 ` β0 `

8
ÿ

n“1

αn cos
nx
2

sinh n “ 1` cos 2x

hence we get the values of αn, βn

α0 “ β0 “
1
2
,

α4 “
1

sinh 4
, αn “ 0, n , 0, 4,

βn “ 0, n , 0.

So the solution is

upx, yq “
y
2
`

1
2
`

1
sinh 4

cos 2x sinh 2py` 1q

3. For 31, we have the Newmann boundary condition
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p31qxp0, yq “ apx2 ´ y2qx “ 2ax “ 0,

p31qxpπ, yq “ sin y` apx2 ´ y2qx “ sin y` 2πa, y P r0, πs,

p31qypx, 0q “ 0, p31qypx, πq “ 0, x P r0, πs

In order to guarantee the Newmann problem is solvable for 31, the following must hold

0 “
ż π

0
p31qypx, πqdx`

ż π

0
p31qxpπ, yqdy

´

ż π

0
p31qypx, 0qdx´

ż π

0
p31qxp0, yqdy

“

ż π

0
psin y` 2πaqdy

“ ´ cos y|π0 ` 2π2a

“ 2` 2π2a

ñ a “ ´
1
π2

For 32, we have the Newmann boundary condition

p32qxp0, yq “ 0, p32qxpπ, yq “ 0, y P r0, πs,

p32qypx, 0q “ apx2 ´ y2qy “ 0,

p32qypx, πq “ ´ sin x` apx2 ´ y2qy “ ´ sin x´ 2πa, x P r0, πs.

To guarantee the Newmann problem is solvable for 31, the following must hold

0 “
ż π

0
p32qypx, πqdx`

ż π

0
p32qxpπ, yqdy

´

ż π

0
p32qypx, 0qdx´

ż π

0
p32qxp0, yqdy

“

ż π

0
p´ sin x´ 2πaqdx

“ cos y|π0 ´ 2π2a

“ ´ 2´ 2π2a

ñ a “ ´
1
π2

Hence a “ ´ 1
π2 .
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