Solution 11

1. From equation (7.9) on page 176 of [PR], let D = [0, 7] x [0, x|, = 0D,

0= J@nu
r

_ Luy(x,yr)dx+j (7, y)dy

0

[0 [(uow

0 0

= fﬂ(x2 —a)dx

2. a) Substitute w and we obtain
X'(x) _ Y'(y)
X(x) Y(y)

X"()Y(y) + X(x)Y"(y) =0 = Y
X'(0)Y(y) =X'(2n)Y(y) =0
which implies the following eigenvalue problem

X'(x)+AX(x) =0 0<x<2n,
Y'(y) —Aa¥(y) =0 —1<y<l1

From the boundary condition, we get
X'(0) = X'(2n) =0,
hence the solutions for the eigenvalue problem of s are

Ay = (’%)2, n=0,1,23..

1



and the corresponding eigenfunctions are

Xn(x) = cos %
Then we can solve the equation for Y, the general solution is (see equation (7.43) in
[PR])
Yo(y) = @0y + o, n=0,

(y+1)

—1
Yu(y) = @y sinh z > G-1

+ B, sinh ”T n=1,23..

SO

wo(x,y) = aoy + Bo

n(y—1)

+ B, sinh 5

+1)
2

wp(x,y) = cos %x <a/,l sinh 1 > ,n=1,273..

b) By the superposition principle, we can write u in the expansion of w,

S n(y +1) n(y —1)
u(x,y) = agy + Bo + Z cos > (an sinh — + B, sinh T)

n=1

The boundary conditions implies
= nx
u(x,—1) = —ag +fo + Y By cos = sinh(—n) =0
n=1 2

[ee}
u(x,1) =aop +Bo + Z ancos%sinhn =1+ cos2x

n=1

hence we get the values of @,, 3,

1
a/o=ﬁ0=§,
1
_ —0.n+04
= Gpha T nEDS
Bn=0,n+0.
So the solution is
) =241y 2xsinh2(y + 1)
= = — COS S1n
HBY) =575 T Gnha S Y

3. For v, we have the Newmann boundary condition



(01)x(0,y) = a(x* — y*), = 2ax = 0,
(v1)(7,y) = siny + a(x® — y*), = siny + 27ma, y € [0,7],
(o1)y(5,0) = 0, (o1)y(x,7) = O, xe[0.7]

In order to guarantee the Newmann problem is solvable for vy, the following must hold

0= fm»mmm+£@mmw@

0

_f”(yl)y(x,O)dx—Jﬂ(vl)x(o’y)dy

0 0

f (siny + 2ma)dy
0

— cosy|? + 2n%a

= 24 27%a
1
= a:—;

For v, we have the Newmann boundary condition

(02)x(0,y) = 0, (v2)x(m,y) = O, y € [0,x],
(v2)y(x,0) = a(x2 - y2)y =0,
(02)y(x, ) = —sinx + a(x* —y*), = —sinx — 27a, x € [0,7].

To guarantee the Newmann problem is solvable for vy, the following must hold

0= JF(UZ)y(x, m)dx + Lﬂ(vz)x(ﬂ,y)dy

0

_Jﬂ(vz)y(x,O)dx—fn(vz)x(OeY)dy

0 0
T
= f (—sinx — 27a)dx

0
= cosy[f —2na
— —2-2r%
= a= !
2

Hence a = —7%.
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