Serie 12

1. a) Using the mean value principle

4(0,0) f " (R, 0)d0

1 /n g 1 :
- == (== —sin46
[2 (2 ( 2)) g 2]
+ (3 sin(2r) - £ sin(~2m)
— sin — —sin(—
g e T g d
b) By the weak maximum(minimum) principle (Theorem 7.5 in [PR]),

minu < u(r,0) < maxu, (r,60) € D.
oD oD

Clearly mingp u = 0 and maxgp u = max{sin>26, 6| < Z} = 1, so
0<u(r,8) <1, (r,0)eD.

Since u is not constant, by the strong maximum principle (Theorem 7.10 and Remark
7.11 in [PR]), u# cannot obtain its maximum or minimum in D, hence

0<u(r,8) <1, (r,0) €D.

2. Notice that sin 8 is an eigenfunction for the following eigenvalue problem

@”"(6) + 10(6) = 0,
@(0) = ©(21), ©'(0) = ©'(27).
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3.

Recall that in section 7.7.2 in [PR], the above equation is derived by considering solutions
of special form R(r)®(6). This reminds to consider the function of the form w(r,0) =
R(r) sin 6. In polar coordinates,

1
Aw = w,+ —w, + =we
r r2

= sin@ (Rrr(r) + %R(r) — %R(r))

Hence w(r,0) = R(r)sin6 is harmonic in {2 < r < 4,0 < 6 < 2z} for any function R(r)
satisfying the equation

PR.(r) + rR.(r) —R(r) =0, 2<r<4,
The general solution for the above equation is given in section 7.7.2 p. 196 in [PR],
R(r) = Cr+ Dr™!
From the boundary condition
u(2,0) =0, u(4,0) =sin6,

we need to solve C and D from

D
R(Z) :2C+E =0,
D
R(4)=4C+ — =1
4
The solutions are C = %, D = —%. Hence

rsinf 4sin@
3 3r

u(r,6) =
is the solution for the problem.
a) u < 0: By the strong maximum principle, since u is not constant

u(x,y) <maxu(x,y) =0

(%) < maxu(x,y)

u < x: Consider the function w(x,y) = u(x,y) — x, since u and x are both harmonic,
w is also harmonic. On 0D

0 x<0

—x x>0.

wa=u@w—X={
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Since w is not constant, by the strong maximum principle

) < s == 0
w(x, y) < maxw(x, y)

which implies
u(x,y) < x.

u < 0and u < ximply
u < min{x, 0}.

b) In polar coordinates, D = {(r,0)|0 < r < 6,0 < 6 < 2x},

by 3n
6costd — <O< —
u(r,0) = 2 2
0 otherwise.
The mean value principle implies
1 21
0,0) = — 6,60)do
«(0.0)= 5| (6.0
3n
_ L 6 cos 6d6
= o . cos

w

us

1,
= 2—(6sm6)\%

n

= g(sin3—ﬂ —sin E)
/s 2 2
3

= _(=1-1)

B 6

o x

¢) Apply the results in section 7.7.2 in [PR], the solution has the form

0
u(r,) = C%O + Z r"(a, cosnf + B, sin nd)
n=1

where )
ap = _j u(6,6)d = —f 6cosfdo = 2u(0,0) = ——
T Jo T z T
1 2 1 37”
a, = f u(6,0) cosnfdd = — 6 cos @ cos nd do,
6" Jo 6" z
1 27T 1 37”
Bn = = J;) u(6, 0) sinnfdo = e L 6 cos 0sinn6 dé,



ay: By the trigonometric formulas (7) in Appendix A.1 (p. 361) in [PR]

1
cos 6 cos nf = E[cos(n +1)6 + cos(n — 1)6]
hence .
1
a, = 7r6"f 6 cos 6 cosnddo
1 (7
- = J;T 3[cos(n + 1)0 + cos(n — 1)6] d0
Forn =1
1 (¥
ar= | (1 + cos26)do
1 1 ”
= ﬂ[ﬂ+§sin20|,23]
1—1— (sin 37 — sin)
= =+ —(sin37 —sinx
2 7y
1
2
Forn #1
3771
a, = 7r6"ﬁ cos(n + 1)6 + cos(n — 1)6] do

2

3 1
= 716"[ sin(n + )9~|—n_lsin(n—1)9]

3 3n+ 1) (n+D)n 1 . 3n—1Dn (n—D)n
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_ [y n+1)r
B 716" n2 I ( 1) sin =
2k + )& (—Dk12
L (1~ 1) sin =2k

- 7r62" (2k) — (=) ) sin = (262 — 1x
- 1 2k +2

6 ((=1)**2 — 1) sin 2k + 2)x = n=2k+1

n62+1 (2k +1)2 — 1



Bn: By the trigonometric formulas (9) in Appendix A.1 (p. 361) in [PR]

1
cos@sinnf = E[sin(n + 1)6 + sin(n — 1)0)]

hence -
1
Bn = 6 cos 8sinnd dé
6"
! 37”3 i 1)0 + si 1)6] do
- — L [sin(n + 1)60 + sin(n — 1)6]
Forn =1
1 (%
B = —J sin 26 df
2n z
11 K
— o 2
= 27r2C0$29|%
1
= _— — 3 J—
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3 7”
By = f [sin(n + 1)6 + sin(n — 1)6] do
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62+ (2k+1)2—1(( ) ) cos = 0 m=2k+



So collecting the results above, we get

12
[ _
T
1
E n = 1
_ —1)*12
¥n = (=1) n=2kk=1,2.
62k[(2k)2 1]n
0 n=2k+1,k=1,2..
Bn: 0

Hence the solution is

6 rcos o (—1D)k12
Z 62k

u(r, 9) = — ; + 5 mrn COS(2k9)

k=1
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