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1. a) Using the mean value principle

up0, 0q “
1

2π

ż π

´π
upR, θqdθ

“
1

2π

ż π
2

´ π
2

sin2 2θ dθ

“
1

2π

ż π
2

´ π
2

ˆ

1
2
´

cos 4θ
2

˙

dθ

“
1

2π

«

1
2
¨

´π

2
´ p´

π

2
q

¯

`
1
8

sin 4θ
ˇ

ˇ

ˇ

ˇ

π
2

´ π
2

ff

“
1

2π

„

π

2
`

ˆ

1
8

sinp2πq ´
1
8

sinp´2πq
˙

“
1
4
.

b) By the weak maximum(minimum) principle (Theorem 7.5 in [PR]),

min
BD

u ď upr, θq ď max
BD

u, pr, θq P D.

Clearly minBD u “ 0 and maxBD u “ maxtsin2 2θ, |θ| ď π
2u “ 1, so

0 ď upr, θq ď 1, pr, θq P D.

Since u is not constant, by the strong maximum principle (Theorem 7.10 and Remark
7.11 in [PR]), u cannot obtain its maximum or minimum in D, hence

0 ă upr, θq ă 1, pr, θq P D.

2. Notice that sin θ is an eigenfunction for the following eigenvalue problem

Θ2pθq ` λΘpθq “ 0,

Θp0q “ Θp2πq, Θ1p0q “ Θ1p2πq.

1



Recall that in section 7.7.2 in [PR], the above equation is derived by considering solutions
of special form RprqΘpθq. This reminds to consider the function of the form 4pr, θq “
Rprq sin θ. In polar coordinates,

∆4 “ 4rr `
1
r
4r `

1
r24θθ

“ sin θ
ˆ

Rrrprq `
1
r

Rprq ´
1
r2 Rprq

˙

Hence 4pr, θq “ Rprq sin θ is harmonic in t2 ă r ă 4, 0 ď θ ď 2πu for any function Rprq
satisfying the equation

r2Rrrprq ` rRrprq ´ Rprq “ 0, 2 ă r ă 4,

The general solution for the above equation is given in section 7.7.2 p. 196 in [PR],

Rprq “ Cr ` Dr´1

From the boundary condition

up2, θq “ 0, up4, θq “ sin θ,

we need to solve C and D from

Rp2q “ 2C `
D
2
“ 0,

Rp4q “ 4C `
D
4
“ 1

The solutions are C “ 1
3 ,D “ ´

4
3 . Hence

upr, θq “
r sin θ

3
´

4 sin θ
3r

is the solution for the problem.

3. a) u ă 0: By the strong maximum principle, since u is not constant

upx, yq ă max
BD

upx, yq “ 0

u ă x: Consider the function 4px, yq “ upx, yq ´ x, since u and x are both harmonic,
4 is also harmonic. On BD

4px, yq “ upx, yq ´ x “

#

0 x ď 0

´ x x ą 0.
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Since 4 is not constant, by the strong maximum principle

4px, yq ă max
BD
4px, yq “ 0

which implies
upx, yq ă x.

u ă 0 and u ă x imply
u ă mintx, 0u.

b) In polar coordinates, D “ tpr, θq|0 ă r ă 6, 0 ă θ ď 2πu,

upr, θq “

$

&

%

6 cos θ
π

2
ď θ ď

3π
2

0 otherwise.

The mean value principle implies

up0, 0q “
1

2π

ż 2π

0
up6, θqdθ

“
1

2π

ż 3π
2

π
2

6 cos θdθ

“
1

2π
p6 sin θq|

3π
2
π
2

“
3
π
psin

3π
2
´ sin

π

2
q

“
3
π
p´1´ 1q

“ ´
6
π

c) Apply the results in section 7.7.2 in [PR], the solution has the form

upr, θq “
α0

2
`

8
ÿ

n“1

rnpαn cos nθ ` βn sin nθq

where

α0 “
1
π

ż 2π

0
up6, θqdθ “

1
π

ż 3π
2

π
2

6 cos θ dθ “ 2up0, 0q “ ´
12
π

αn “
1
π6n

ż 2π

0
up6, θq cos nθdθ “

1
π6n

ż 3π
2

π
2

6 cos θ cos nθ dθ,

βn “
1
π6n

ż 2π

0
up6, θq sin nθdθ “

1
π6n

ż 3π
2

π
2

6 cos θ sin nθ dθ,
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αn: By the trigonometric formulas (7) in Appendix A.1 (p. 361) in [PR]

cos θ cos nθ “
1
2
rcospn` 1qθ ` cospn´ 1qθs

hence

αn “
1
π6n

ż 3π
2

π
2

6 cos θ cos nθ dθ

“
1
π6n

ż 3π
2

π
2

3rcospn` 1qθ ` cospn´ 1qθs dθ

For n “ 1

α1 “
1

2π

ż 3π
2

π
2

p1` cos 2θq dθ

“
1

2π

„

π`
1
2

sin 2θ|
3π
2
π
2



“
1
2
`

1
4π
psin 3π´ sin πq

“
1
2

For n , 1

αn “
3
π6n

ż 3π
2

π
2

rcospn` 1qθ ` cospn´ 1qθs dθ

“
3
π6n

„

1
n` 1

sinpn` 1qθ `
1

n´ 1
sinpn´ 1qθ


ˇ

ˇ

ˇ

ˇ

3π
2

π
2

“
3
π6n

"

1
n` 1

rsin
3pn` 1qπ

2
´ sin

pn` 1qπ
2

s `
1

n´ 1
rsin

3pn´ 1qπ
2

´ sin
pn´ 1qπ

2
s

*

“
3
π6n

ˆ

1
n` 1

´
1

n´ 1

˙„

sin
3pn` 1qπ

2
´ sin

pn` 1qπ
2



“ ´
6
π6n

1
n2 ´ 1

„

sin
3pn` 1qπ

2
´ sin

pn` 1qπ
2



“ ´
6
π6n

1
n2 ´ 1

„

sin
ˆ

pn` 1qπ
2

` pn` 1qπ
˙

´ sin
pn` 1qπ

2



“ ´
6
π6n

1
n2 ´ 1

`

p´1qn`1 ´ 1
˘

sin
pn` 1qπ

2

“

$

’

’

’

&

’

’

’

%

´
6

π62k

1
p2kq2 ´ 1

`

p´1q2k`1 ´ 1
˘

sin
p2k ` 1qπ

2
“

p´1qk12
62krp2kq2 ´ 1sπ

n “ 2k

´
6

π62k`1

1
p2k ` 1q2 ´ 1

`

p´1q2k`2 ´ 1
˘

sin
p2k ` 2qπ

2
“ 0 n “ 2k ` 1
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βn: By the trigonometric formulas (9) in Appendix A.1 (p. 361) in [PR]

cos θ sin nθ “
1
2
rsinpn` 1qθ ` sinpn´ 1qθs

hence

βn “
1
π6n

ż 3π
2

π
2

6 cos θ sin nθ dθ

“
1
π6n

ż 3π
2

π
2

3rsinpn` 1qθ ` sinpn´ 1qθs dθ

For n “ 1

β1 “
1

2π

ż 3π
2

π
2

sin 2θ dθ

“ ´
1

2π
1
2

cos 2θ|
3π
2
π
2

“ ´
1

4π
pcos 3π´ cos πq

“ 0

For n , 1

βn “
3
π6n

ż 3π
2

π
2

rsinpn` 1qθ ` sinpn´ 1qθs dθ

“
3
π6n

„

´
1

n` 1
cospn` 1qθ ´

1
n´ 1

cospn´ 1qθ
ˇ

ˇ

ˇ

ˇ

3π
2

π
2

“
3
π6n

"

´
1

n` 1
rcos

3pn` 1qπ
2

´ cos
pn` 1qπ

2
s ´

1
n´ 1

rcos
3pn´ 1qπ

2
´ cos

pn´ 1qπ
2

s

*

“
3
π6n

ˆ

´
1

n` 1
`

1
n´ 1

˙

rcos
3pn` 1qπ

2
´ cos

pn` 1qπ
2

s

“
6
π6n

1
n2 ´ 1

rcos
3pn` 1qπ

2
´ cos

pn` 1qπ
2

s

“
6
π6n

1
n2 ´ 1

„

cos
ˆ

pn` 1qπ
2

` pn` 1qπ
˙

´ cos
pn` 1qπ

2



“
6
π6n

1
n2 ´ 1

`

p´1qn`1 ´ 1
˘

cos
pn` 1qπ

2

“

$

’

’

&

’

’

%

6
π62k

1
p2kq2 ´ 1

`

p´1q2k`1 ´ 1
˘

cos
p2k ` 1qπ

2
“ 0 n “ 2k

6
π62k`1

1
p2k ` 1q2 ´ 1

`

p´1q2k`2 ´ 1
˘

cos
p2k ` 2qπ

2
“ 0 n “ 2k ` 1
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So collecting the results above, we get

α0 “ ´
12
π

αn “

$

’

’

’

’

’

&

’

’

’

’

’

%

1
2

n “ 1

p´1qk12
62krp2kq2 ´ 1sπ

n “ 2k, k “ 1, 2...

0 n “ 2k ` 1, k “ 1, 2...

βn “ 0

Hence the solution is

upr, θq “ ´
6
π
`

r cos θ
2

`

8
ÿ

k“1

p´1qk12
62krp2kq2 ´ 1sπ

rn cosp2kθq
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