
Solution 13

1. The characteristic equations and the parametric initial conditions are

xtpt, sq “ x2, ytpt, sq “ ´py2 ` 1q utpt, sq “ ux3

xp0, sq “ 1 yp0, sq “ s up0, sq “ 2

Solve the equations:
xtpt, sq “ x2

ñ

ˆ

1
x
pt, sq

˙

t
“ ´1

ñ
1

xpt, sq
“ ´t `

1
xp0, sq

“ 1´ t

ñ xpt, sq “
1

1´ t
and

utpt, sq “ ux3

ñ plog upt, sqqt “ x3 “
1

p1´ tq3
“

ˆ

1
2p1´ tq2

˙

t

ñ log upt, sq “ log up0, sq `
1

2p1´ tq2

ˇ

ˇ

ˇ

ˇ

t

0
“ log 2`

1
2p1´ tq2

´
1
2

ñ upt, sq “ 2e
1

2p1´tq2
´ 1

2

Without solving the equation of y, we have already obtained the solution

upx, yq “ 2e
x2
2 ´

1
2

2. The constant function u1px, yq “ 1 is a solution for the problem.

We know that the fundamental solution 4px, yq “ ´ 1
2π log

a

x2 ` y2 is harmonic in any
domain excluding the origin (see p. 177-178 in [PR]). Then u2px, yq “ 1` log

a

x2 ` y2 is
harmonic in R2zD and u2px, yq “ 1 for px, yq P BD “ tx2 ` y2 “ 1u, hence u2 is another
solution for the problem, different from u1.

So the solution of the problem is not unique.
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a. Firstly, we prove the following lemma

Lemma. Let 3 be a C2 function satisfying 3t ´ k∆3 ´ y3x ` x33y ă 0 in QT . Then 3 has no
local maximum in QT zBPQT . Moreover, 3 achieves its maximum in BPQT .

Proof of the lemma. If 3 has a local maximum at some q “ pxq, yq, tqq P QT zBPQT . Since
pxq, yqq is in the interior of D, i.e. pxq, yqq P tx2 ` y2 ă 1u, we have ∆3pqq ď 0 and
3xpqq “ 3ypqq “ 0. There are two possibilities for q “ px, y, tq:

t “ T : Then 3pqqt ě 0, hence 3t ´ k∆3´ y3x ` x33y ě 0, contradicting the assumption on 3.

0 ă t ă T : Then 3pqqt “ 0, hence 3t ´ k∆3 ´ y3x ` x33y ě 0, again contradicting the assumption
on 3.

Hence 3 cannot have a local maximum in QT zBPQT . �

We consider the function uε “ u´ εt for any ε ą 0. It satisfies

uεt ´ kuε ´ yuεx ` x3uεy “ ´ε ă 0.

By the lemma uε achieves its maximum in BPQT ,

max
QT

uε “ max
BPQT

uε.

Since
max

QT
uε “ max

QT
pu´ εtq ě max

QT
u´ εT,

max
BPQT

uε “ max
BPQT

u´ εt ď max
BPQT

u,

it follows that
max

QT
u´ εT ď max

BPQT
u.

Since ε can be made arbitrary small, we obtain

max
QT

u ď max
BPQT

u,

which means that u achieves its maximum at BPQT .

4. We rewrite the equation as following

ut `

ˆ

1
3

u3
˙

x
“ 0.

We assume the solution takes the form

upx, tq “

#

3 x ă γptq,

1 x ą γptq.
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Then by the Rankine-Hugoniot condition,

γtptq “
1
3 u3
` ´

1
3 u3
´

u` ´ u´
“

1
3 ´

33

3

1´ 3
“

13
3

Hence γptq “ 13
3 t. The weak solution of the problem is

upx, tq “

$

’

&

’

%

3 x ă
13
3

t

1 x ą
13
3

t.
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