
Solution 2

1) The characteristic equations and the parametric initial conditions are

xtpt, sq “ 1, ytpt, sq “ 1, utpt, sq “ 2u` 1,

xp0, sq “ s, yp0, sq “ 0, up0, sq “ 0.

Solve the above equations to obtain the characteristic curves:

xpt, sq “ t ` s, ypt, sq “ t, upt, sq “
e2t ´ 1

2
.

Invert the transformation pxpt, sq, ypt, sqq,

t “ y, s “ x´ y.

Substituting to u, we get

upx, yq “
e2y ´ 1

2
.

2) The characteristic equations and the parametric initial conditions are

xtpt, sq “ x, ytpt, sq “ x` y, utpt, sq “ 1,

xp0, sq “ 1, yp0, sq “ s, up0, sq “ s.

Solve the above equations to obtain the characteristic curves:

xpt, sq “ et, ypt, sq “ pt ` sqet, upt, sq “ t ` s.

Invert the transformation pxpt, sq, ypt, sqq,

t “ log x, s “
y
x
´ log x, x ą 0.

Substituting to u, we get
upx, yq “

y
x
, x ą 0.
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3) The characteristic equations and the parametric initial conditions are

xtpt, sq “ 1, ytpt, sq “ 2, utpt, sq “ eupt,sq ô pe´upt,sqqt “ ´1,

xp0, sq “ 0, yp0, sq “ s, up0, sq “ 1.

Solve the above equations to obtain the characteristic curves:

xpt, sq “ t, ypt, sq “ 2t ` s, e´upt,sq “ ´t ` e´1 ô upt, sq “ ´ logpe´1 ´ tq.

Invert the transformation pxpt, sq, ypt, sqq,

t “ x, s “ y´ 2x.

Substituting to u, we get

upx, yq “ ´ logpe´1 ´ xq, x ă e´1.

4) The characteristic equations and the parametric initial conditions are

xtpt, sq “ x, ytpt, sq “ y, utpt, sq “ ´u,

xp0, sq “ cos s, yp0, sq “ sin s, up0, sq “ 1.

Solve the above equations to obtain the characteristic curves:

xpt, sq “ et cos s, ypt, sq “ et sin s, upt, sq “ e´t.

Then we get

upx, yq “
1

a

x2 ` y2
, px, yq , p0, 0q.
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