
Solution 4

1. a) Let hpsq “ ups, 0q, since the initial condition hpxq is differentiable and nondecreasing, i.e.
h1pxq ě 0, we have the formula for the critical time (see equation (2.47) on p.43 in
[PR]),

yc “ ´
1

h1pxq
ă 0 @x P R,

hence the Cauchy problem has a differentiable solution for all positive time y ą 0.

b) Let hpsq “ ups, 0q, since hpsq is decreasing in r´π2 ,
π
2 s, i.e. h1psq ă 0, the solution will

become non-differentiable. We have the formula (2.46) in [PR],

ux “
h1

1` yh1
,

then the solution’s derivate blows up at the time y “ ´ 1
h1psq , the critical time yc is the

infimum of t´ 1
h1psqu.

h1psq “

$

’

’

’

’

&

’

’

’

’

%

0 x ď ´
π

2
,

´ cos x ´
π

2
ă x ă

π

2
,

0 x ě
π

2
.

h1psq has infimum ´1 at s “ 0, so

yc “ inft´
1

h1psq
u “ ´

1
h1p0q

“ 1.

c) The discontinuity moves with a speed 1
2pu´ ` u`q “ 1

2p1´ 2q “ ´1
2 , therefore

upx, yq “

$

&

%

1 x ă 1´
y
2
,

´ 2 x ą 1´
y
2
.

is a weak solution of the Cauchy problem
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2. a) The characteristic equations and the parametric initial conditions are

ytpt, sq “ 1, xtpt, sq “ u2, utpt, sq “ 0,

yp0, sq “ 0, xp0, sq “ s, up0, sq “

$

’

’

’

&

’

’

’

%

1 s ď 0,
c

1´
s
α

0 ă s ă α,

0 s ě α.

Solve the equations to obtain the characteristics

px, y, uqpt, sq “ ps` u2p0, sqt, t, up0, sqq “

$

’

’

’

&

’

’

’

%

ps` t, t, 1q s ď 0,

ps` p1´
s
α
qt, t,

c

1´
s
α
q 0 ă s ă α,

ps, t, 0q s ě α.

Two ways to proceed:

1st. Invert the transformation pxpt, sq, ypt, sqq
s ď 0

px, yq “ ps` t, tq ñ pt, sq “ py, x´ yq, s ď 0 ñ x´ y ď 0 ô x ď y

0 ă s ă α

px, yq “ ps` p1´
s
α
qt, tq ñ pt, sq “ py, α

x´ y
α´ y

q,

0 ă s ă αñ 0 ă α
x´ y
α´ y

ă αô y ă x ă α or α ă x ă y

s ě α

px, yq “ ps, tq

Then for 0 ă y ă α, we have

pt, sq “

$

’

’

’

&

’

’

’

%

py, x´ yq x ď y,

py, α
x´ y
α´ y

q y ă x ă α,

py, xq x ě α.

Substitutie to upt, sq,

upx, yq “

$

’

’

’

&

’

’

’

%

1 x ď y,
c

x´ α

y´ α
y ă x ă α,

0 x ě α.

The solution becomes discontinuous at y “ α.
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2nd.

u “ up0, s “ x´ u2yq “

$

’

’

’

&

’

’

’

%

1 x ě y,
c

1´
x´ u2y
α

y ă x ă α,

0 x ě α.

Solve u to get the same result.

b) Two ways to argue that the solution will be sigular:

1st. The projections of characteristic curves px, yq-plane are the lines

x “ s` u2p0, sqy “

$

’

’

&

’

’

%

s` y s ď 0,

s` p1´
s
α
qy 0 ă s ă α,

s s ě α,

,

for the s-values 0 ď s ď α, these lines will collide at a finite y, actually they collide
at one point px, yq “ pα, αq. However the function upx, yq preserve its initial value
upx, 0q along these lines, hence we can’t solve the Cauchy problem beyond y “ α.
The critical time yc “ α.

2nd. From the explicit form of the solution upx, yq, the solution is continuous for y ă α.
When y “ α,

upx, αq “

#

1 x ă α,

0 x ą α,

which is discontinuous in x. So we can’t solve the Cauchy problem beyond y “ α.
The critical time yc “ α.

c) See the 1st argument of b).

`0 : x “ y; ` α
2

: x “
α

2
`

y
2

; `α : x “ α.

Direct calculations show they intersect at pα, αq.

3. a) Rewrite the equation in the form

uy `
1
3
pu3qx “ 0,

and integrate (with respect to x, for a fixed y) over an arbitrary interval ra, bs to obtain

By

ż b

a
upξ, yqdξ `

1
3
ru3pb, yq ´ u3pa, yqs “ 0.
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b) We write the weak formulation in the form

By

«

ż γpyq

a
upξ, yqdξ `

ż b

γpyq
upξ, yqdξ

ff

`
1
3
ru3pb, yq ´ u3pa, yqs “ 0

Differentiating the integrals with respect to y and using the PDE itself leads to

γypyqu´pyq ´ γypyqu`pyq ´
1
3

«

ż γpyq

a
pu3pξ, yqqξdξ `

ż b

γpyq
pu3pξ, yqqξdξ

ff

`
1
3
ru3pb, yq ´ u3pa, yqs “ 0

ñ

γypyqru´pyq ´ u`pyqs ´
1
3

“

u3
´pyq ´ u3pa, yq ` u3pb, yq ´ u3

`pyq
‰

`
1
3
ru3pb, yq ´ u3pa, yqs “ 0.

We get

γypyq “
1
3 ru

3
`pyq ´ u3

´pyqs

u`pyq ´ u´pyq
.

c) The solution of the Cauchy problem in Ex 2 at yc “ α

upx, αq “

#

1 x ă α,

0 x ą α,

implies
u´pαq “ 1, u`pαq “ 0,

then b) implies that the discontinuity moves with a speed 1
3 . Therefore the following

weak solution is compatible with the integral balance for y ą α:

upx, yq “

$

’

&

’

%

1 x ă α`
1
3
py´ αq,

0 x ą α`
1
3
py´ αq.

4. a)
Lruspx, yq “ uxx ` 2uxy ` r1´ qpyqsuyy,

and a “ 1, b “ 1, c “ 1´ qpyq, hence

δpLqpx, yq “ b2 ´ ac “ 12 ´ r1´ qpyqs “

$

’

&

’

%

´ 1 y ă ´1,

0 |y| ď 1,

1 y ą 1.

So the equation is hyperbolic on ty ą 1u, parabolic on t|y| ď 1u, elliptic on ty ă ´1u.
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b) • y ą 1:
Lrus “ uxx ` 2uxy.

Consider a nonsingular linear transformation

ξ “ ξxx` ξyy, η “ ηxx` ηyy.

and ωpξ, ηq “ upxpξ, ηq, ypξ, ηqq, then ω satisfies the equation

`rωs “ Aωξξ ` 2Bωξη `Cωηη “ 0

where
ˆ

A B
B C

˙

“

ˆ

ξx ξy

ηx ηy

˙ˆ

a b
b c

˙ˆ

ξx ηx

ξy ηy

˙

“

ˆ

ξx ξy

ηx ηy

˙ˆ

1 1
1 0

˙ˆ

ξx ηx

ξy ηy

˙

To obtain the canonical form, we need to solve the equation

A “ aξ2
x ` 2bξxξy ` cξ2

y “ ξ2
x ` 2ξxξy “ 0,

C “ aη2
x ` 2bηxηy ` cη2

y “ η2
x ` 2ηxηy “ 0

We can take ξx “ 2, ξy “ ´1, ηx “ 0, ηy “ 1, i.e. the transformation

ξ “ 2x´ y, η “ y

transforms the equation to canonical form

`rωs “ 4ωξη “ 0

• |y| ă 1:
Lrus “ uxx ` 2uxy ` uyy.

Consider a nonsingular linear transformation

ξ “ ξxx` ξyy, η “ ηxx` ηyy.

and ωpξ, ηq “ upxpξ, ηq, ypξ, ηqq, then ω satisfies the equation

`rωs “ Aωξξ ` 2Bωξη `Cωηη “ 0

where
ˆ

A B
B C

˙

“

ˆ

ξx ξy

ηx ηy

˙ˆ

a b
b c

˙ˆ

ξx ηx

ξy ηy

˙

“

ˆ

ξx ξy

ηx ηy

˙ˆ

1 1
1 1

˙ˆ

ξx ηx

ξy ηy

˙

To obtain the canonical form, we need to solve the equation

C “ aη2
x ` 2bηxηy ` cη2

y “ η2
x ` 2ηxηy ` η2

y “ 0
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We can take ξx “ 1, ξy “ 1, ηx “ 1, ηy “ ´1, i.e. the transformation

ξ “ x` y, η “ x´ y

transforms the equation to canonical form

`rωs “ 4ωξξ “ 0

• y ă ´1:
Lrus “ uxx ` 2uxy ` 2uyy.

Consider a nonsingular linear transformation

ξ “ ξxx` ξyy, η “ ηxx` ηyy.

and ωpξ, ηq “ upxpξ, ηq, ypξ, ηqq, then ω satisfies the equation

`rωs “ Aωξξ ` 2Bωξη `Cωηη “ 0

where
ˆ

A B
B C

˙

“

ˆ

ξx ξy

ηx ηy

˙ˆ

a b
b c

˙ˆ

ξx ηx

ξy ηy

˙

“

ˆ

ξx ξy

ηx ηy

˙ˆ

1 1
1 2

˙ˆ

ξx ηx

ξy ηy

˙

To obtain the canonical form, we need to solve the equation

A “ aξ2
x ` 2bξxξy ` cξ2

y “ ξ2
x ` 2ξxξy ` 2ξy “ 1,

B “ aξxηx ` bpξxηy ` ξyηxq ` cξyηy “ ξxηx ` pξxηy ` ξyηxq ` 2ξyηy “ 0,

C “ aη2
x ` 2bηxηy ` cη2

y “ η2
x ` 2ηxηy ` 2η2

y “ 1

We can take ξx “ 1, ξy “ 0, ηx “ 1, ηy “ ´1, i.e. the transformation

ξ “ x, η “ x´ y

transforms the equation to canonical form

`rωs “ ωξξ ` ωηη “ 0

c) For the hyperbolic case ty ą 1u,

Lrus “ uxx ` 2uxy,

so
a “ 1, b “ 1, c “ 0,

and the characteristic equations are

dy
dx
“

b`
?

b2 ´ ac
a

“ 2,

and
dy
dx
“

b´
?

b2 ´ ac
a

“ 0

so the characteristics are the straight lines ty “ 2x ` su and ty “ su. Draw the
pictures.......
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