Solution 4

1. a) Leth(s)

= u(s,0), since the initial condition i(x) is differentiable and nondecreasing, i.e.
H(x) =0,

we have the formula for the critical time (see equation (2.47) on p.43 in
[PRD), .
Ye = —M <0 VxeR,

hence the Cauchy problem has a differentiable solution for all positive time y > 0.

—_nr

b) Let h(s) = u(s,0), since h(s) is decreasing in [5F, 5], i.e. /'(s) < 0, the solution will
become non-differentiable. We have the formula (2.46) in [PR],

h/
T T
then the solution’s derivate blows up at the time y = —ﬁ, the critical time y, is the
~ 1
infimum of {—m}
n
0 < — A
)
) = — 7 T
K (s) = coSs x 2<)c<2,
n
0 = —.
23
H'(s) has infimum —1 at s = 0, so
1 1
— inf{— - -1
N T LN O
c) The discontinuity moves with a speed % (u— + u.) = $(1 —2) = —1, therefore
1 ox<l1- %
u(x’ y) = y

is a weak solution of the Cauchy problem



2.

a) The characteristic equations and the parametric initial conditions are

vi(t,s) =1, xi(t,5) = u?, u(t,s) =0,

1 s <0,
y(0,5) =0, x(0,s)=1s, u(0,s)= 4/1—2 0<s<a,
0 s = a.
Solve the equations to obtain the characteristics
(s+111) s <0,
(x,y,u)(t, s) = (s + u*(0,5)t,,u(0,5)) = { (s + (1 — g)t,t, A1 — g) 0<s<a,
(s,1,0) s=a

Two ways to proceed:
Ist. Invert the transformation (x(z, s), y(7, s))

s<0
(xy)=(s+t,1)=(t,5) = (ypx—y), s<0=x—y<0<x<y
O<s<a : r—y
(13) = (5 (1= D)) = (15) = (o022,
0<s<a:>0<az—:i})<(x<:>y<x<aora<x<y
s =«
(x.y) = (s.7)

Then for 0 < y < @, we have

(y7x_y) xéy’

= s < <a,
(t,s) =1 0y o)) y<x<a
(%) xza
Substitutie to u(z, s),
1 x <y,
X —a
u(x,y) = y<x<a,
y—a
0 Xz«

The solution becomes discontinuous at y = a.



2nd.

1 X =Y,
_ 2
u:“(()»SZx_uz)’): lfx ey y<x<a,
0 X = a.

Solve u to get the same result.

b) Two ways to argue that the solution will be sigular:

Ist. The projections of characteristic curves (x, y)-plane are the lines

s+y s <0,
s

l—-)y 0<s<a,,

o'
S s = a,

x=s5+u*0,5)y=<{s+(

for the s-values 0 < s < a, these lines will collide at a finite y, actually they collide
at one point (x,y) = (@, @). However the function u(x, y) preserve its initial value
u(x,0) along these lines, hence we can’t solve the Cauchy problem beyond y = a.
The critical time y. = a.

2nd. From the explicit form of the solution u(x, y), the solution is continuous for y < a.

When y = «,
1 x<aea,
u(x,a) = {
0 x>a,

which is discontinuous in x. So we can’t solve the Cauchy problem beyond y = a.
The critical time y, = a.

c) See the 1st argument of b).

Direct calculations show they intersect at (@, @).

3. a) Rewrite the equation in the form

1
uy + g(u3)x =0,

and integrate (with respect to x, for a fixed y) over an arbitrary interval [a, b] to obtain

&Jb d_|_l[3b .3 1=0
y a”(fJ)f 1 (By) —w(ay)] = 0.



a)

b) We write the weak formulation in the form

a y(»)

r(v) b
ay [J M(f’y)df + J M(f’y)dgl + %[”3(17’.)}) - u3(a,y)] =0

Differentiating the integrals with respect to y and using the PDE itself leads to

y(v) b
| w%wma+j<f@ww4

Yyu- () = v (u+(y) — % [ ; ()

+ 31 (0,9) — ¥ a)] =0

YO)[u-(y) —us (y)] = % [ () = v’ (a,y) + & (b,y) — ul ()]
+50006,3) — (@] =0
We get
3 () i )]
Yy (y) =

g (y) — u—(y)
¢) The solution of the Cauchy problem in Ex 2 at y, = «

1 < a,
u(x,cz)z{ e

0 x>a,
implies
u_(a) =lLuy(a) =0,

then b) implies that the discontinuity moves with a speed % Therefore the following
weak solution is compatible with the integral balance for y > a:

1
1 x<a/+§(y—a/),
u(x,y) = 1
0 x>a+§(y—a).

Llu](x,y) = ttex + 21y + [1 = q(3)]uyy,
anda = 1,b =1,c =1 — ¢(y), hence

-1 y<—1,
S(L)(x,y) =b*—ac=1"—=[1—q(»)] =<0 <1,
1 y>1.

So the equation is hyperbolic on {y > 1}, parabolic on {|y| < 1}, elliptic on {y < —1}.

4



b)

e y> 1:

L{u] = iy + 2uyy.
Consider a nonsingular linear transformation
§=86x+ &Yy, 1 =mx Y.
and w(&,1) = u(x(¢,n),y(&,n)), then w satisfies the equation
t[w] = Awgg + 2Bwey + Cwyy = 0

where
(-5 GDED (D0

B C N Ty b ¢ & My Mx Ty 10 &y
To obtain the canonical form, we need to solve the equation

A = ag? +2bE L, + &l = €2 + 268, = 0,
C = Cl?]/zv + 2b77x77y + 0773 = 77,2v + 277x77y =0

We can take &, = 2,&, = —1,n, = 0,7, = 1, i.e. the transformation
§=2x—y, n=y
transforms the equation to canonical form
tlw] = 4wz =0

byl <1
Llu] = uyx + 2uyy + uyy.

Consider a nonsingular linear transformation
=X+ &y, 0 =1ax + Y.
and w(&,n) = u(x(&,1n),y(€, 1)), then w satisfies the equation
tlw] = Awgg + 2Bwsy + Cwyy = 0

where
(5e)-(en) o) e 5= ) G)(E

B C Mx Ty b ¢ & My Mx My 11 &y
To obtain the canonical form, we need to solve the equation

C= ani + 2bn,my + cn§ = 77% + 2nxmy + 773 =0
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We can take é = 1,&, = 1,n, = 1,7, = —1, i.e. the transformation
E=x+y, n=x-y
transforms the equation to canonical form
tlw] = 4wg =0
y<—1:
L{u] = ey + 2uyy + 2uyy.
Consider a nonsingular linear transformation
§=8Ex+ &Y, 1 =mx Y.
and w(&,n) = u(x(&,1),y(€, 1)), then w satisfies the equation
{[w] = Awgg + 2Bwey + Cwyy = 0

where
(4 2)-(5 )3 ) D)-(5 ) ()

B C Mx Ty b c & My Mx Ty 12 &y
To obtain the canonical form, we need to solve the equation

A = aéy + 2bEE, + & = EL+ 26, + 26, = 1,

B = afnx + b(&xy + ) + c&ymy = Exe + (Eanly + Ey7e) + 265my = 0,

C = an; + 2bn.ny + ;= 13 + 2y + 215 = 1
We can take {; = 1,¢, = 0,17, = 1,n, = —1, i.e. the transformation

E=x, n=x—y

transforms the equation to canonical form

f[a)] = Wee + Wy = 0

¢) For the hyperbolic case {y > 1},

SO

L{u] = ey + 2uyy,

a=1, b=1, c¢=0,

and the characteristic equations are

and

dy b+ vVb2—ac

2,
dx a
dy b-— \/bzfac_o
dx a N

so the characteristics are the straight lines {y = 2x + s} and {y = s}. Draw the
pictures.......
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