Solution 7

1. a) Find solutions of the wave equation with Dirichlet boundary conditions

Uy = Uy O<x<m t>0,
u(0,t) = u(m,t) =0 t>=0,

having the special form
u(x,1) = X(x)T(1).

Substituting u(x, t) to the wave equation, we obtain

X T
XTy = X T < % = %
It follows there exists a constant A such that
Xox Ty
=1 _-_)
X T
which implies that
d’x
—=—-AX O<x<m,
dx?
d*T
— = —AT t>0.
dx?

The Dirichlet boundary conditions imply

then the function X is a solution of the eigenvalue problem

d’x
— 4+ 11X =0 O<x<m,
dx?

X(0) = X(r) = 0.



Following the similar arguments in p.110-111 in [PR], we can show that the eigenvalues

are
Ay = nz, n=12,..

and the associated eigenfunctions are
X, (x) = sinnux,

and it is uniquely determined up to a multiplicative factor. Consider the equation for T
with A = A,,, we get the corresponding solution 7,

T, =vy,cosnt+ d,sinnt, n=1,2.
Thus , the product solutions of the initial boundary value problem are given by
un(x,t) = sinnx (A, cosnt + B, sinnt)

Applying the superposition principle, the expansion

o0
u(x,t) = Z sinnx (A, cos nt + B, sinnt)

n=1
is a generalized solution of the problem. The constants A, and B, are determined from

the initial conditions,

0
u(x,0) = Z A, sinnx,
n=1

0
ur(x,0) = Z nB, sin nx.

n=1

Consider the initial conditions in this problem

1 2
u(x,0) = sin’ x = (5 - 0052 x)sinx
1 1 D rsi
= 5 sinx — 5 cos2xsinx
= Esinx— Z(sin3x— sin x)
PP N
= 7 sinx — 7 sin3x,
uy(x,0) = sin2x,
thus,
3 1
AIZZ’ A3:_4_l’ A,=0Vn#1,3,
1
Bzzz, Bn=0Vn¢2



Hence the solution of the problem is
3. L. . L.
u(x,t) = 7 Sinxcos? + 5 sin 2xsin2t — 7 Sin 3xcos 3t. (1)

b) Since the solution contains only a finite number of smooth terms, it is verified directly
that u is a classical solution of the problem.

2. It is discussed in great details in the section 5.3 Separation of variables for the wave equation
of [PR], how to solve the wave equation with Newmann conditions using the method of
separation of variables, so we take the result in the book and follow the same arguments in
the solution of example 5.2 in [PR]:
the solution of the problem has the form

0
u(x,t) = @ + Z cos nmx (A, cosnnt + B, sinnnt) ,

n=1
and the initial conditions are

u(x,0) = sin’

N DI
X = 5 — 5 c0s 2x,
u;(x,0) = cosmx,

it follows that

1
Ag =1, Azz—i, A, =0Vn+0,2,
1
Bi=-, B,=0Vn=#1,
T

thus the solution of the problem is

1 1 1
u(x,t) = 5t  cosmx sin 7t — 5 €08 27x cos 2nt.

3. Consider the solution of the special form
u(x,t) = X(x)T(1),

and substitute to the equation, we can derive the equations

d2
— + X =0,
dx?

T
d— + 12AT = 0.
dr

The Dirichlet boundary conditions imply that for nontrivial solution u, X satisfies the bound-
ary conditions
dX dx
—(0) = —(n) =0,
0 =50

3



then the eigenvalues of the eigenvalue problem

d’x

@4‘/1}(:0 O<)C<7T,
dx dx

—(0) = — =0 t>0,
0 =5@

are
A, =n’, n=0,1,2..

and the associated eigenfunctions are
X, = cosnx,

which are uniquely defined up to multiplicative constants. Solve the equation for 7" with
A=, ,
T,(t) = Bpe 124" = Be™ 121 n=0,1,2...

The superposition principle implies that
& 2
u(x,t) = Z Be 2" cos nx
n=0

is a generalized solution of the problem. The initial condition is

3 1
—1+sin’x==— =cos2
u(x,0) +sin"x = 5 — 5 cos2x,
hence the solution of the problem is
3 1
u(x,t) = 3 56_48[ cos 2x. (2)

4. a) Following the similar arguments solving the eigenvalue problem in p.101-102 of [PR], we
can show that there are only positive eigenvalues:

A < 0 The general solution
X(x) = ae V=4 ge= VA G cosh v/—Ax + Bsinh v/—Ax,
thus the initial conditions imply

X(0) = @cosh0 + Ssinh0 = 0,
X'(r) = @+/—Asinh v/—Ax + B+/—Acosh v/—Ar = 0,

Since sinh 0 = 0 and cosh /—Ar > 0, we get@ = 3 = 0.



A =0 The general solution

X(x) = a+pt,
thus the initial conditions imply

X(0) =a =0,

X (r)=8=0

A > 0 The general solution
X(x) = acos VAx + Bsin VAx,
thus the initial conditions imply

X(0) =acos0+Bsin0=0=a =0,
X'(n) = —aV/Asin /= Ar + B/ Acos VAx = 0,

thus 5 :
BV Acos Var=0=1=( n2 %, n=1,2..

Hence the eigenvalues of the problem are

2n—1

b= (= %, n=1,2.
and the associated eigenfunctions are
2n —1
X, (x) = By sin " x, n=12..

b) Consider the solution of special form
u(x,t) = X(x)T(1).
Substituting to the equation, we obtain the equation

d’x

— +AX =0,
dx?

dr

— 4+ AT = 0.
dr +

and the boundary conditions imply that for nontrivial solution, X has the following
boundary condition



Thus by a), we have the eigenvalues

2n — 1
/ln=("2 2, n=1,2.

and the associated eigenfunctions are

2n—1
Xy (x) = By sin n2 x, n=12.
Then we solve the equation of 7 with A = A,
T,(t) = e Wt

which is uniquely determined by a multiplicative constant. The superposition principle
implies that
2n — 1

2n—1

o0
u(x,t) = Zﬁne*( =) sin
n=0

X

is a generalized solution of the problem. The initial condition implies that

9 9 3 81

332 942
ulx,t) =e D ginZx+ e (3 Tsin2x = e 3 sin=x + e 7' sin =x
(x.1) 2 2 2 2

is the solution of the problem.
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