Solution 8

1. The related eigenvalue problem is

d%v

T
@-F/IU:O 0<x<§,
dv dv
—(0) = —=(2) =
dx<) dx(Z)

The eigenvalues are given by 4, = (2n)?, n = 0, 1, 2... and the corresponding eigenfunctions
are v, = cos 2nx. We have the eigenfunction expansion of u

0

u(x,t) = Z T, (1) cos 2nx.
n=0
From the initial condition, we get

To(O) =1, Tz(()) =3, Tn<0) =0Vn=+0,2.

Substituting to the equation, we get

& [/ dT,
Z ( dtn + (2n)2Tn> cos2nx = 2t + 15cos 2x.
n=0

Then we get the equations for 7, (¢)

n=20
dT,
d—to =2, To(0)=1=Ty(f) =1+£,
n=1 dr 15 15
1 —4¢
—L 44T, =15, T,(0) = T (f) = — — —
n=2
dT,

— T 1672 =0, Tx(0) =3 = Ta(r) = 3¢ 160,



n#0,1,2 ;
Ty
-+ (2n)*T, =0, T,(0) =0 = T,(r) = 0.

Hence we get the solution of the problem

15 15
u(x, ) =141+ (Z - Ie“”) cos 2x + 3¢ cos 4x.

2. We take the auxiliary function w(x,7) = xsinz and set v(x,7) = u(x,t) — w(x,1), then v(x,?)
solves the following problem

Vi — Vyx = 1 O0<x<l1, t>0,
ve(0,7) = vi(1,6) =0 =0,
v(x,0) =1+ cos(2mx) 0<x< 1.

The related eigenvalue problem is

d%v

@+/lv=0 0<x<l,
dv dv

=Z0) = —(1) =

0 =31

The eigenvalues are 1, = (nm)?, n = 0,1,2... and the corresponding eigenfunctions are
Uy = COS NTTX.

v has the following eigenfunction expansion

0

v(x, 1) = Z T, (1) cos nmx.

n=0

The initial conditions imply that

To(0) =1, T(0) =1, T,(0)=0Vn=0,2.

Substituting to the equation, we get

0
dT,
Z < o T (mr)zTn> cosnmx = 1.

n=0

Then we get the equations for T, (¢)

n=20 dT
d—t‘)zl, To(0) = 1 = To(t) = 1 + 1.



T
% (2)2T2 =0, Ta(0) = 1 = Ty(r) = e **"
n+0,2
dr, 5
()T, =0, 7,(0) = 0= T,(1) =0

Hence we get v(x, )

4

vix,t)=1+4+t+e" 1 cos 21X,

and the solution u(x, t) of the original problem

4

u(x,t) = v(x,0) + w(x,t) = 1 + 1 + e+ cos 27mx + xsint.

3. The eigenvalue problem

d
= +A=0 O<x<nm
dx
0(0) =ov(n) =0
have eigenvalues A, = n%, n = 1,2, 3... and the corresponding eigenfunctions A, = sin nx.

The eigenfunction expansion of u(x, 1) is

The initial condition implies

Substituting to the equation, we have

0
d7, .
Z ( o (n* + 4)Tn> sinnx = 0.

n=1

We get the equations for 7;:

n=2
dT’
d_z2 + (22 +4)T2 =0, T0)=1=Ty(t) =",
n+2
T,
m + " +4)7T,=0, T,(00=0=T,()=0.

Hence u(x,t) = e~ % sin 2x is the solution of the problem.



4. We take the auxiliary function w(x,¢) = sin3 and set v(x,#) = u(x,t) — w(x,t). Then v(x,1)
satisfies the following equation with homogeneous Dirichlet boundary conditions

Vi— Ve +4v =0 O<x<m >0,
v(0,¢) = 0,v(m,t) =0 =0,
v(x,0) = sin2x 0<x<m

From the solution of ex3, we know v(x, ) = e~ % sin 2x is the solution of the above problem.
Hence u(x, 1) = e~ sin2.x + sin § is the solution of the original problem.

References

[PR] Y. Pinchover, J. Rubinstein, An introduction to Partial Differential Equations, Cambridge
University Press(12. Mai 2005).



