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q(s) := p(cos2ms) = Y a;Tj(cos 27s) Det.51.76 Y ajcos(27js)

— Z s (exp(271js) + exp(—2m1js)) [by cosz = 3(e* +e %) ]

(6.1.108)
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nea -MA-%:'*B code 6.1.112: Efficient computation of Chebychev expansion coefficient of Cheby-

7( chev interpolant

; 1n the Chebychev expansion

(Rue2y x(2n<2) Pouder makix — (Chob) | Z255= 0 G i ) SR el e
4« |// k=0,...,n, in Chebychev nodes tx, k=0,...,n
s | // IN: values Yy passed in y
"ITM-VQIQ—Q. rDPT‘ "EO CcoveC C =D can recovel ﬂ')_- ‘5 s |// OUT: coefficients a;
i - T 7 | VectorXd chebexp(const VectorXd& y) {
| 8 const int n = y.size() — 1; // degree of polynomial
) CCoS o <. o const std::complex<double> M _I(0, 1); // imaginary unit
¢ 10 // create vector z, see (6.1.110)
11 VectorXcd b(2x(n + 1));
9’(_!/1 fna UL> 12 const std::complex<double> om = —M_Ix(M_PIxn) /((double) (n+1));
13 for (int j = 0; | <= n; ++]) {
14 b(j) = std::exp(omxdouble(j))xy(j); // this cast to double is
necessary"
15 b(2xn+1—j) = std::exp(omxdouble(2xn+1—j))xy(]);

16 }

17

18 // Solve linear system (6.1.111) with effort O(nlogn)

19 Eigen ::FFT<double> fft; // EiGen’s helper class for DFT

2 VectorXcd ¢ = fft.inv(b); // —> ¢ = ifft(z), inverse fourier
transform

21 // recover Bj, see (6.1.111)
2 VectorXd beta(c.size());

2 const std::complex<double> sc = M Pl 2/(n + 1)xM_lI;

» | for (unsigned j = 0; j < c.size(); ++j)

2 beta(j) = ( std::exp(scxdouble(—n+j))*c[j] ).real();
2 // recover aj, see (6.1.108)

2 VectorXd alpha = 2xbeta.tail(n); alpha(0) = beta(n);

28 return alpha;




M%ﬂg wedoll La'%doﬁ%&ikrminology:
+ x;j = nodes of the mesh M,

{wk-l\mew(@b% + [xj_1,x;| = intervals/cells of the mesh, a b
| + hy = max|xj — xj_1| = mesh width, F—————————————+—

e o) o5 A'Mj-c_ «(;pt‘ CQm?/faeoQ(ew iu"’tpahko% ! + Iy = a]+ jh = equidistant (uniform) mesh

with meshwidth 1 > 0

Yo i 2 Y3 Y4 X5 Y X7 Xg Xg Xjg Yy Y2 Xj3 Y4

-2n~1
2
o< n+4
- < e l I’ !!g(n*nu,’wa
L °°C T ) . A ) General local Lagrange interpolation on a mesh
/ ® Choose local degree nj € INy for each cell of the mesh, j = 1,...,m.
- u/@f.a,_ ‘_é) / o RHS @ Choose set of /ocal interpolation nodes

Tj:= {[J,...,l{,j} C I]' — [x]-_l,x]-], j=1,...,m,

for each mesh cell/grid interval ;.
® Define piecewise polynomial interpolant s : [xg, xm| — K:

vem T= 1 cR  {olke o wmede M of T - o ,
J l i 5j = 5|1,€ 73,,‘,4 and s]-(tf) = f(tf) =it = (6.5.5)
Owing to Thm. 5.2.14, s; is well defined.
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Corollary 6.5.7. Continuous local Lagrange interpolants

Ifthe local degrees n; are at least1 and the local interpolation nodes t{c, j=1....mk=0,...,n,
for local Lagrange interpolation satisfy

- h=t" vji=1..,m-1 = seCa,b]), (6.5.8)

then the piecewise polynomial Lagrange interpolant according to (6.5.5) is continuous on [a, b|:
s € C([a, b]).
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Definition 7.1.1. Quadrature formula/quadrature rule

An n-point quadrature formula/quadrature rule on [a, b provides an approximation of the value of |
an integral through a weighted sum of point values of the integrand:

b n

; f(hydt = Qu(f) == w”l.’f(c(;-’) . (7.1.2)
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The midpoint rule is (7.2.2) for n = 1 and ty =
B 25 7 1 %(a +b). It leads to the 1-point quadrature formula

> trapez := newtoncotes(1l);

4 b
— f(Hdt = Qmp(f) = (b—a)f(3(a+1)). ~ 1
I 1 a/ ' . Qtrp(f) = E(f(o) + £(1)) (7.2.5) _

- ; ] “midpoint” b b—a
] \ ([ rmde~ 2@ + ) )

<1 the area under the graph of f is approximated by

. , the area of a rectangle.
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Definition 7.3.1. Order of a quadrature rule

The order of quadrature rule Q, : C%([a,b]) — R is defined as

b
order(Qy) := max{m € No: Qu(p) = / p(t)dt Vp € Pu}+1, (7.3.2)
a

that is, as the maximal degree +1 of polynomials for which the quadrature rule is guaranteed to be
exact.

Am%—@éﬁiw ~ 7464/ Clengligs - Cuctis AF




Nofe. ©  orgloc e‘L AF o wvonaedt  walec adf%m Nole . ‘eor e Qﬂ fo lLew odec 2n
QMZ@M&M&M@M@—A%L“@—%—W O wioolt gl_
- J=24 R
;L,—Xau,u;ﬂ/o,: /'Po(ﬁ%om'a,é 62 F MM u /pO/'u/‘S N L : %
/QXO._J‘ Zﬂr e G)n_,‘ \ oolaC > 'a) (‘Proop :
C [ v f J../ B 1
Q.d kas orlec 2 n & L, (p) = VL@LM%GE"?}—

deogw w—po[w?/— R lkaw ero(qfém?

Theorem 7.3.5. Sufficient order conditions for quadrature rules

An n-point quadrature rule on [a,b| (— Def. 7.1.1)

0ulf) = Y wif (), f e Ca,b]),
j=1

with nodes t; € la, b] and weights w; €R,j=1,...,n, has order > n, if and only if

b

ZU]'= L]'_l(t)df, j=1,...,ll,

Ja

where Ly, k = 0,...,n — 1, is the k-th Lagrange polynomial (5.2.11) associated with the ordered

node set {t1,t2,...,t,}.
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4 equations for weights wjand nodes ¢j,j = 1,2 (@ = —1,b = 1), ¢f. Rem. 7.3.6

1
/ 1dt =2 =1w; + 1w, , / tdt = 0 = cqywy + cwy
-1

(7.3.14)

Optimist’s assumption: 3 family of n-point quadrature formulas on [—1, 1]

, w]-EIR,nE]N,

Qu(f) = iw;f f(el) ~ / 11 (1) dt
=1 -

o 1 o
/ Pdt == —C%ZU]'I-C%ZUZ , / t3dt=0=c?w]+cg’wz.
B . J-1 N of order 2n < exact for polynomials € Py, 1. (7.317)
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. V3 V3 V¥ ge G, g-? e
T n-4 T 2n-1
(rarho s Hoe o foucty 6, of QFs 4 "
> (el R(hldt = 2w =0
S @'ﬂ 1S °n POM,./‘ J A y-1 —~—>
_, &gdl' '-—:-O _
L 2 U, = - n
2 @é @IDGL(_ OzVL < “—;_T_\(f gﬁam\z\_i ( i/l" ! j
T Tl 2r-1,17)
kS | —
- C
i b1 Q. i (Z([-4,17) (*)




Do) = e T e bt Fd P s
1
_ | (o(t) P (£l =0 V9e®,_,
Pl s dukcwived by w welfuouts )T
Koy Xnea ‘ L R o) J
l <> | 4 (4« S5 x40 ) db =0 Z0=0.. ut
J A — J=0 (fj '
(*) n COLLJ[M.OLLS r dilht(:Pﬂ_,i_ = n —1 | - R >
[ 4 W‘OVLO"-MO-!S T
(3 ()L k-0
V\'_'j' :1_ 0o /-r\: p
—4 - ¥L=0.. u-4 =5 o« N\ t M= — | 44 e
T e ) )
= /?,_\ G:@,.,\ s mu‘czluo_ TVfL‘ﬂ Cd Qif’idt: Cou loz wr\'u*M as A ,E‘Xé],f ) =b
n d=°
| ,?_ 0 * : o
o foodisy weff. 4 A= (8 u o CH D
/4 .
A‘ 15 W&efﬂ'\g

(0




| st SRR

KAx = 25 x (25 (£ 4%elk ) , -

l=0 7 \j=o T/ Theorem 7.3.22. Existence of n-point quadrature formulas of order 21
~A o
A . - Let {Pl,_; }neﬂ;;o be a family of non-zero polynomials that satisfies e
r . _ - " ° E , -
= | (25 x+4") (S5 xtt) ek " -

) M= ~ Vo 44 . / g(t)P,(t)dt =0 forallg € P,_q  (L*([-1,1])-orthogonality),
-1 ) —
—1 A o The set{c’,-’ ;-’;1, m < n, of real zeros of P,, is contained in [—1,1]. o
w-1%1 , |
r / /_\' . \ & nl —
- /\ /L > X .. .{:d /\ 0(% SO Then the quadrature rule (< Def. 7.1.1)  Qu(f) := ) w; f(cf) -
W=y (J j=1
= d with weights chosen according to Thm. 7.3.5 provides a quadrature formula of order2n on [-1,1).
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Definition 7.3.27. Legendre polynomials

The n-th Legendre polynomial P, is defined by

o Py € Py,
1
. / Pu(g(t)dt =0 Vg € Py,

e Py(1)=1.

Oue woe  Huea

Lemma 7.3.28. Zeros of Legendre polyno-

mials

P, has n distinct zeros in| —1,1].

Zeros of Legendre polynomials = Gauss points

Legendre polynomials

P.(1)

08}/

0.5 1

Zeros of Legendre polynomials in [-1,1]
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Definition 7.3.29. Gauss-Legendre quadrature formulas

The n-point Quadrature formulas whose nodes, the Gauss points, are given by the zeros of the n-th

Legendre polynomial (— Def. 7.3.27), and whose weights are chosen according to Thm. 7.3.5, are

called Gauss-Legendre quadrature formulas.




