MODULAR FORMS EXERCISES AND SOLUTIONS

1. DUE ON 26TH SEPTEMBER

1.1. Exercise. Let P be the set of primes. Prove that ) = +00.

1
pEP p

1.2. Solution. Let s > 1. Then from the Euler product of the Zeta function,

(9= 3" o~ zzw

pEP pEP k=1

YYo=y LD Dy

pGP pEP k= 2 pGP pGP
:Z—S+O(1)

peﬁ’p

As we know that lims_,14 ((s) = 400, letting s — 1+ in the above inequality we conclude
that

lim — = 400,
s—1+ ps

hence the result.

1.3. Summation by Parts. Let a : N — C be an arithmetic function, let 0 < y < x and
let f:[y,2] — C be a function with continuous derivative on [y, x]. Then

D anf(n) = A@)f(x) — Aly) f(y) — /x A f(t)dt,

y<n<xz

where A(z) =3, ., an.

1.4. Exercise. Prove that for every 6 > 0,

m(x)=HpeP|p<a}

is bigger than W for some sufficiently large x.
1
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1.5. Solution. Let a, be the prime indicator function, i.e.
1, if n is prime
ay, 1=
" 0, if n is not a prime.
Using summation by parts we note that,
Tom(t
P
p<$ 3/2<n<x 3/2

1+46

If the claim is false i.e. for all sufficiently large =, 7(x) < x/(logx)'™® then from the above,

Z 1 < ; +C + ;

2y = logay= " C " (logay

for some constant C'. The RHS of the above tends to C' as © — oo contradicting Exercise
1.1, hence the result.

1.6. Exercise. Prove that for R(s) > 1,

()= s [Ty,

s
s—1 xSt

where {z} is the fractional part of x. Using this show that {(s) has meromorphic continuation
to R(s) > 0 with a simple pole at s = 1.

1.7. Solution. Let R(s) > 1. Then using the summation by parts as following.

1 [z] “ 1 |z} - v {t}
ZEZE—FS/I ts+1dt 1 s 4_3/17f dt —s ) ts+1dt

n<x

- s [ oo o),
Letting © — oo, as R(s) > 1, we conclude that
s x
((s) = T8 1 iﬁ}ldx
We now note that the integral right hand side is well defined for #(s) > 0 and is holomorphic
in s. As %5 is a meromorphic function with simple pole at s = 1 and residue 1, we conclude
the meromorphic continuation of ((s) to R(s) >0

1.8. Exercise. Prove that the Gamma function, which is defined for R(s) > 0 by

o dt
I(s):= / e 't —
0 t

has analytic continuation to C\ Z<, with simple pole at each non-positive integer. Find the
residues of the Gamma function at those poles.
Hint: First prove that I'(s + 1) = sI'(s).
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1.9. Solution. By integration by parts we see that

o dt o dt
I'(s+1)= / et = = / e st — = sT(s),
0 t 0 t

for R(s) > 0. Thus I'(s) = F(STH) extends definition of I'(s) to R(s) > —1 meromorphically

with pole at s =0 as

lim e = = 4.
s—0+ 0

The pole is simple, as lim,_, sI'(s) = 1, and with residue 1. Similarly I'(s) can be extended
to all C\ Z<o with simple poles at s = —n, n € N with residue,

: L L(s+n+1)  (=1)"
Sl_l}lzln(s—i—n)lj(s)—81_131171(5_’_”_1)”'8— nl

1.10. Exercise. Prove the Poisson summation formula: Let f € S(R) be in the Schwartz

class. Prove that A
S fntw) = fn)e(nu).

nez neL
Note: Putting u = 0 we get the usual Poisson summation formula.

1.11. Solution. Let

F(z): )  f(n+u)

nez
which is a function on L'(R/Z) so has a Fourier expansion of the form
F(z) =) e(nz)F(n).
nez
Here

F(n) = /0 F(z)e(—nx)dr = Z/o Z f(m + x)e(—nzx)dx

nez meZ

=5 [ snetnn) = [ stet-narae = )

mezZ Y m

this provides the result.

1.12. Exercise. Recall that,
G(L,N):== > e(n’/N).
n mod N
Prove that
(1) For any odd positive integer N, G(1, N?) = N and G(1, N*) = NG(1, N).
(2) For every positive integer N, G(1, N) = %\/ﬁ
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1.13. Solution. (1) is elementary. We can parametrize the residue class of N* by
{axN* '+ aoaN*" 2+ .-+ [0<a; < N —1}.

Using this we have,

(aN +b)
G(1 = Ze( e >
b=

a=0
N-1 N-1
2
— " e(1?/N?) Ze( ab)
b=0 a=0
N-1
=Y e(b?/N?)§—oN = N
b=0
Similarly,
N-1N-1N-1 9
3y (aN? + N + ¢)?
G(1,N%) = Z e ( N
a=0 b=0 c=
N—-1N-1 N-1
(bN + ¢)?
= e< 3 Z (2ac/N)
=0 b=0 a=0
N-1N-1
bN + c)?
=0 b=0

For the second part we use the Poisson summation formula. First we note the function

f(z) = 1[07N]e(x2/]\/')

is a function which is continuous on (0, N) and has continuity only from one side at z = 0, N.
From the Fourier theory we know that the Fourier series of f at x = 0 would converge to
w = f(0+)/2. and similarly, at x = N to f(N—)/2 Thus using the (modified)
Poisson summation formula and using that f(0+) = f(N—) we get that,

N

e(N?/N) = 0+ +Zf )

n=0

— / f nx dx—Z/ 2/N+nx)dx.
nez "~ nel

Thus,

NZ/ (N2? +nN:c)d:U—NZ Nn2/4)/0 e(N(z +n/2)%)

nez nez



MODULAR FORMS EXERCISES AND SOLUTIONS 5
Noting that

1, if n is even,
. . . 7
iV, if n is odd.

e(—Nn?/4) = {

and dividing the above sum into odd and even parts we get that,

1+n n+1/2
G(1,N) = NZ/ e(Nz?)dx + N@'—NZ/ e(na?)dx
nezJn nez Jn—1/2
= VN1 + i) / e(y?)dy.

The last integral can be checked convergent and we call it C'. Thus,
G(1,N)=VNC(@1 +i™V),
Checking that, G(1,1) = 1, we conclude the result.

1.14. Dirichlet Character. A Dirichlet character with modulus q is a character
X :Z/qL* — C*

extended to Z by making it g-periodic and defining y(a) = 0 for (a,q) > 1. Associated to
each character y, in addition to its modulus ¢, is a natural number ¢, its conductor. The
conductor ¢ is the smallest divisor of ¢ such that y can be written as x = x’xo, where xq is
the trivial Dirichlet character mod ¢ and Y’ is a character of modulus ¢'. If a character has
conductor equal to to its modulus then it is called a primitive Dirichlet character. Check
that, for a primitive Dirichlet character y mod ¢ one has

1 ~ Jx(®), ifg|m
q Z X(ma+b>_{0, if gt m.

a mod g

The above is not true for a non-primitive character.

1.15. Exercise. Let y be a primitive Dirichlet character mod ¢ and f € L*(R). Prove that

G(x - _
3 fimpm) = C9 5™ fngyem)
mEeZ q neZ
where G(x) is the Gauss sum attached to y defined by

G(x):= Y xla)e(a/q).

a mod g

Hint: Use the Poisson summation formula.
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1.16. Solution. First we prove the following. Let v € R and u € R*. Then using the
Poisson summation formula,

Using the above we get that,

Y fmx(m)=3" > x(a)f(mq+a)

meZ meZa mod q
= > X Zf e(ma/q)
a mod g mGZ
—%Zﬂ )x(m)
q meEZ

Here in the last line we have used that for a primitive Dirichlet character y;,

Z x(a)e(am/q) = x(m)G(x).

a mod g

This can be seen as follows. Let (m,q) = 1. Then,
X(m)G) = Y xlamNe(a/g)= Y xla)e(am/q).
a€(Z/qZ)* a€(Z/qZ)*
If (m,q) > 1 then it follows from the fact that y(m) = 0 and

Y. xlaelam/g)= Y elym/a) Y xlza/d+y)=0.

a mod q y mod g/(¢g,m) x mod q
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2. DUE oN 10TH OCTOBER

2.1. Exercise. Prove that I'(¢) is a normal subgroup of SLy(Z) and has index in it ¢° [ |
1
)
2.2. Solution. We consider the mod ¢ reduction map
SLy(Z) — SLa(Z/q7Z),

whose kernel is by definition I'(¢). Thus I'(¢g) is normal. Hence, as the above map is surjective,
by the first isomorphism theorem

SLy(Z/qZ) = SLy(Z)/T(q),

(1-

plg

and so,
[SL2(Z) : T'(q)] = |SL2(Z/qZ)].

Z) € SLy(Z/qZ) then (c¢,d,q) = 1. For

each such lower row (¢, d) we have exactly ¢ solutions for the congruence ad —bc =1 mod gq.
Thus the cardinality is,

ql{(c;d) mod q|(c,d,q)=1}=q) ur)(q/r)>=¢ ][ -p7).
rlg plg

2.3. Exercise. Recall the subgroups I'g(q), I'1(¢) and T'y(q) of SLy(Z) from the lectures.
Compute indices of the subgroups in SLy(Z).

To compute the cardinality we first note that if (CCL

2.4. Solution. Consider the surjective map
Iy(q) = Z/4Z,

a b
<c d)»—>b mod q.

The kernel of this map is by definition I'(¢). Thus by the first isomorphism theorem,
I'i(q)/T(q) = Z/qZ.

by

Hence,

[SLa(2) : Ti(q)] = [SLa(Z) : T(g][T1(q) : T(g)] " = @ [ [(1 = p7?).

plg
Similarly, considering the map

Lo(q) — (Z/qZ),

a b
(c d>'—>d mod ¢,

Lo(q)/T1(q) = (Z/qZ)".

by

we conclude that
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Thus,

1
[SLy(Z) :Ti(q)] = — | |A—p) =q |1 +p7").
?(q) g g

Again similarly, considering the map

La(q) = (Z/qZ)",

a b
(c d)f—)d mod ¢,

La(q)/T(q) = (Z/qZ)".

by

we conclude that

Thus,
1 3 —2 2 -1
SLo(2) : Tala)) 556 [[a-p?=]]a+p™.

plg plg

2.5. Exercise. Prove that for any finite abelian group G one has G = G.

Hint: First try to show for finite abelian groups GG; and G5 that @1 X GQ & Gﬁ\Gg. Then
use the structure theory of the finite abelian groups.

2.6. Solution. We define a map

G1 x Gy — Gy x Ga by (1,X2) = {x ¢ (91.92) — x1(91)x2(g2) }-

This map is clearly well-defined homomorphism. To see injectivity if x is the trivial character
then

X1(g1) = X51<g2)v(91792) € G X Gy,

which implies that x; are the trivial character. From the lecture we recall that |G|= |C¥ l,
which proves the isomorphism. Now from the structure theory of the finite abelian groups
we know that every finite abelian group is isomorphic to direct product of Z/,Z. hence it is
enough to show that

m = Hom(Z/nZ, S*) = p,, = Z/n’Z,
where i, is the group of n’th roots of unity. To See this isomorphism we consider that map
Hom(Z/nZ,S") — p, by x + x(1).

This map is clearly a well-defined homomorphism, as x(1)” = x(n) = x(0) =1, i.e. x(1) €
fn. If x(1) = 1 then x(m) = x™(1) = 1, which proves the injectivity. Equality of the
cardinalities concludes the proof.
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2.7. Exercise. Recall the the product expansion

e e[ (12

n=1

(1) Use the above formula to prove that,

1 &K1 1 RS
;—l—Z {z—d+z+d} :7rcot(7rz):m—2mZe(dz).

d=0

(2) Prove that for even natural number k
(2mi)*
2kl M

(k) = -

where Bj, are the Bernoulli numbers.
(3) Prove that ((s) has zeros at negative even integers.
Hint: Use the functional equation of ((s).

2.8. Solution.

(1) We do a logarithmic differentiation of the given expression.

d
meot(mz) = - log sin(7z)
z

d 2/ 2
:Elogﬁz —|——Zlog 2% /n%)

hence the first equality. For the second equality we see that,

1 1 G
7TCOt(7TZ) = 7222—1—1 =T — 277'7,1_—6(2) =7 — 2m nZ:O 6(n2>,
completing the proof.
(2) Recall that the Bernoulli numbers are defined by the coefficient of the series expansion

of =%, i.e.

ZBkk" e 1

Consider the generating series of ((2k)

1+2 i C(2Kk) 2%
k=1
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For |z|< 1 the above sum is absolutely convergent, so plugging in the definition of
((s) for s > 1 and changing the order of the summation we get that above sum is

o)

222
1—1—221; z/n)? —1+Zn2 5 = mzcot(rz),
where the last equality is from (1). But from (2)
4 2miz 27rzz
wzcot(mz) = wiz — T ooz = iz — Z Bk

Equating two power series we conclude that
(2mi)%k

2¢(2k) = — By, k)

concluding the result.
(3) We recall the functional equation of ((s)

C(s)m /L (s/2) = ¢(1 — s)n20((1 — 5)/2).

We also recall the duplication formula,
25—1

T(s) = —=T(s/2)T((1+ )/2)
and
T(1/2 — s/2)[(1/2 + 5/2) = m

Combining all of them we get that,

C(1—s)=2(2m)*cos(ms/2)T'(s)((s).
Plugging in s = 2n + 1 for n > 1 and checking that cos(nm + 7/2) = 0 we conclude
that

¢((—2n) =0.

2.9. Eisenstein Series of weight 2. In the lecture we have defined Eisenstein series Ej, of
weight k for £ > 2. In this exercise we will define Fisenstein series Ey of weight 2 and will
show that it satisfies an “almost modularity” relation.

2.10. Exercise. Define the following functions for z € H:

Ga(2) Zn2+zz(m2+n

m=1 neZ
Gy(2) = Ga(2) = o
217 = 2le 23(2)’
1 1 1
Goe = = Z for e > 0.

2 2e’
2 (e O0) (mz+mn)? |mz+ n|
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(1) Let v = (Z Z) Prove that G, converges absolutely and locally uniformly. Also
show that,
Go(72) = (cz + d)?|cz + d|*Gac(2).
(2) For e > —1/2 define:
dt dt

W)= [ 0= ey

Consider

Gae(2) = > I(mz).

Use the mean value theorem to prove that it converges absolutely and locally uni-
formly for e > —1/2 and the limit as € — 0 is Ga(2).
(3) Show that
(2) = e and 1'(0) = -
(2) = S0 an = —7.
Use this to show that the limit of G5 (2) as € — 0 is G3(z). Hence G transforms
like a modular form of weight 2.
(4) Conclude that

Go(v2) = (cz + d)*Ga(2) — mic(cz + d).

Ej5 is defined to be, as usual, %

2.11. Solution.
(1) Note that, for £ > 2 and z € H
> 2N < <
1 SZ7§£{(7ﬂ,ﬂ)€Z |N_|mz—i—n\_N+1}'

DD D e N

N=1 N<|mz+n|<N+1

It is easy to check that
#{(m,n) | N<|mz+n< N+1} < a(N+1)?—aN* < N.

Thus the above sum is, as k > 2
< Z N7F < 0.
N=1

Now we see that,
Gae < g Imz + n| 72"+ g Imz 4 n| 2%,
0<|mz+n|<1 1<|mz+n|

The first sum has finite number of summands and second sum is absolutely and
locally uniformly convergent by the previous argument. Thus the sum of G, are



12 MODULAR FORMS EXERCISES AND SOLUTIONS

convergent abolustely and locally uniformly, thus defines a holomorphic function on

H. To see the transformation law we first note that every v € SLy(Z) induces a

bijection from Z? \ {(0,0)} to itself by right multiplication. Also one checks that,
(ma+nc)z+ (mb+nd)  m'z+n'

myz+n= = .
i cz+d cz+d

Combining these two facts, we conclude that

(cz + d)*|cz + d)* .
Cocr2) = D, i e = (€ Dlez +dPCa(2)
(m/,n)#(0,0)

(2) Let
f(t) = (mz +1)%jmz + 47,

with implicit dependence on mz. Now as we have proved the absolute convergence
of the > f(n) we will freely change the order of summations and order of integration
and summation, as follows.

éz,e( = Gae( Z I.(mz2)
m=0

-3 Y / IOYo
- Z n2+2e Z Z/ f(t))dt.

By the mean value theorem on n <t <n + 1 we get that

|f(n) = f(O)|< sup |f'(u)|< [mz 4+ n| 727>

n<u<n+1

Hence, the sum is absolutely convergent for € > —1/2 and thus lim,_, éze exists and
defines a holomorphic function. We calculate,

lim Gy (2)
e—0

[e.9]

1 1
:_nzﬂ)nQ—i_mZ:l ; (mz +n)? §<mz+n+1_mz+n>
:_nzﬂ +ZZ; (mz 4 n)?

= GQ(Z)
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(3) Let z = x 4 d4y. Then changing variable ¢ — yt — x we get that,
dt

I (x+1 :/ - -

R A BT

1 / dt (e
y1+26 R (t + Z)Z‘t + i‘QE y1+26 :
Differentiating under the integration sign and then integrating by parts we get that,

S log(1+1t*) log(1+1?) h 2tdt
1o =- [ S = _m‘4<t+i><1+t2>

/ 1 n 1 / dt
= - =— | 5—— = —".
r(E+0)2 1+t 241

Using the above two results we compute that,

I(e)
lim S™ L(mz) = lim S~ ——9
lim > (mz) lim > (my) 72— 0 S(z)ltee

From the exercise 1.6 we know that
1

Using that 1(0) = 0 we have that above limit equals to
] !/
lim () _ ! (0) .
=0 26 (2)1H2¢ 23(2)

Thus,

™

12% G2,E(Z) = lg% <é276(z) + Z ]e(mz)> = GQ(Z) - M = GZ(Z)

(4) From part (1) and (3) letting € — 0 we see that G5(z) transforms as a modular form
of weight 2. So,

Go(v2) — (cz +d)*Gy(z) =

23(y2) 23(2)

350 (lez + d|*—(cz + d)?)

= mic(cz + d),

— (cz +d)?

concluding the result.
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3. DUE oN 24TH OCTOBER
3.1. Exercise. Prove the Bruhat decomposition: for any subfield K C C
SLy(K) = N(K)A(K)U N(K)wN(K)A(K),

where the notatons are same as in the lectures. Using this prove that the fractional linear
transformation GLy(C) ~ P'(C) preserves the lines.

3.2. Solution. Let g = b). if ¢ = 0 then ¢ is upper triangual so lies in NA. So let us

d
assume that ¢ # 0. So b = ad/c. Then

a b\ (1 ac 1 cd) (c
c d) 1) 1 1/c)
This also can be proved in much more geometric way. First check that

g.00 = aj/c => Stabgr)(c0) = NA.
We prove that if g ¢ NA then g € NwN A. To check this we see that

Lo—aje) z—a/c—az—i_b—g—;—wc?zjtcd—w L) (e z
1 )97 9 Ccz4+d ¢ AErded B 1 Lje) ™

To check that this decombosition is unique we note that, again, if g = b € N A this is obvious.
If g = nwb = nwb’ then

goo=n0=n.0 = n=n" = b=10.

This proves the first part.
For the second part we first recall that a line in P'(C) is of the form L U {oco} where L is a
line or a circle in C. As from the previous part and the fact that

QL,(C) = Z(C)SLy(C),

it is enough to prove that Z, N, A, w preserves the lines. While Z, N, A transforms in affine
way, i.e.

z—=az+b, aecC*beC

it is clear that they preserve lines. Thus it is enough to check that w preserves a line L.
Now, as we can freely move object in affine way, we may assume that L is a horizontal line
passing through 0, i.e. §(2z) = 0 or a unit circle centered at origin, i.e. |z|= 1. In either case

the fact that
1 z
Wy =——= ——
z |z]?

proves the claim.
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3.3. Exercise. Recall the Fourier expansions of the Eisenstein series

z2)=14+c¢ Z or—1(n)q",
n=1

where for k = 2,4,. .., 14 the ¢, are —24, 240, —504, 480, —264, 65520/691, —24 with q := e(z)
and oy(n) :==>_,, d*.

(1) Use dimension formula to show that Ey = E%, E Es = E)9, and EgFEy = Ey4. What

relations can you get between o,’s using the above relations (some of them were

obtained during the lectures)?
(2) Define the Serre derivative by

1d ok
T oride 120 %

Show that Dy, : M, — M. o and D f € Sk+2 iff fe S
(3) Calculate DEy and DFjg. Find o5 in terms of o1 and o3 resp. and o7 in terms of oy
and o5.

3.4. Solution.

(1) Check that from the dimension formula that mg, M;0, and M;4 are one dimensional.
Therefore, E®*—cE?, E4Es = deyo, and FgFg = eE14. But from the Fourier expansions
of the Eisenstein series that their first Fourier coefficients are one we cocnlude that
¢ =d = e = 1. Now multiplying the Fourier expansions we get that

—110g(n) = 1003(n) — 21o5(n —5040203 m)os(n —m),

—o13(n) = —2105(n) + 2007(n) — 10080 Z os(m)or(n —m).
(2) Let f € My. As FEs, f, and f" are holomorphic so is Dy f. So it is enough to show
that Dy f transforms as a weight k+ 2 form to prove that image of Dy, is in My,o. We

check that for v = (Z
that

2) with j(v, z) = cz + d, and recalling from exercise 2.10(4)

12¢j(7, 2)
omi

Esx(vz) = j(v,2)*Ea(2) +
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we get that

k
%f’(w) — B (12)f(72)

= 2 T e me ) -

1 d

= o0 (1, 2) () — 2, B 1) — F D Ly )
]k+2(

=0 ) B 1)

= j""2(7,2) Dif(2).

Now note that,

ckj*L(

N2 g

21

7= 271 dz _qdq'

Thus if f has Fourier expansion

[e.9]

f(Z) = Zanqny

n=0

then
df
=q— — — E
Dyf = qdq E)f = E na,q" +12 2f.

Thus it is clear that the zeroth Fourier coefficient is —kao/12 and that will be zero if
and only if ag = 0 which proves the second claim.

By part (2) DEy € Mg and DEg € Mg. From the dimension formulas and the zeroth
Fourier coefficients we conclude as in (1) that

DE, = cEs, ccC,

with ¢ = —1/3. Similarly, DEs = —3FEs. Now as in (1) comparing the Fourier
coefficients we get that

2105(n) = (30n — 10)o3(n) + o1(n) 4 240 Z or(m)os(n —m),

2007(n) = (42n — 21)05(n) + o1(n) + 504 Z o1 (m)os(n —m).
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3.5. Exercise. Recall that the Delta function from the lecture defined in terms of some
Eisenstein series. Here we start with a different defintion and show equality afterwards.

—allo=a
which has a Fourier expansion
A(z) =) 7(n)g" = q — 24¢° + 252¢° + O(¢") € Z[[q]],
n=1

with ¢ = e(z) as usual. 7: N — C is called Ramanujan Tau function.
(1) Prove that 5% log A(z) = E5(z) and conclude that A € Sis.

2mi dz

(2) Show that A = 17256, and derive 7 in terms of o3 and o5.

(3) Show that Fyy — E2 = c¢A with ¢ = 266395172 and derive relation between 7, o1 and os.

Use this to prove the famous congruence by Ramanujan:

7(n) = o11(n) mod 691,

for all n > 1.

3.6. Solution.
(1) Recall that 544 = qdiq. Therefore,

1 d d ! o
37 4z 08 A=) = a7 log <qH(1—q ) )

n=1

d i oo
=q— |logq+ 242 241og(1 — q”)]

dq | n=1
:qj logq—24zzq ]
q n=1 k=1
:1—24227”@”]‘“'
n=1 k=1
:1—24iq" > k| = Ea(z
n=1 k|n

All interchanges of orders of summations are justified as the series is absolutely
convergent as |¢|< 1. Now from the product form it is clear that A is holomorphic
and has zero as zeroth Fourier coefficient. So to prove that A € Si, it is enough to
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show that A transforms as a weight 12 modular form. To check that keeping the
same notations as in the solution 3.4(2) we compute that

Thus for each v € SLy(Z) there exists a constant 0 # ¢(y) such that
A(yz) = (7)™ (7, 2)A2).
It suffices to show that ¢(y) = 1 for all 7. It is easy to check that
c:SLy(Z) - C*, v c(y)

a character. Thus it is enough to prove that ¢(7") = 1 and ¢(S) = 1 where T, S are
the usual generators of SLo(Z). But as A is 1-periodic so ¢(7') = 1. Now as S.i =i
and A(i) # 0 we see that

o(S) =i =1,
completing the proof.
(2) As S} is one dimensional and E} — EZ? has zero zeroth Fourier coefficient hence,

E} —E;=dA, deC.
d can be calculated to be 1728 from the first Fourier coefficients of I}y and Eg. Thus
equating Fourier coefficients we conclude that

n—1 r—1

127(n) = 503(n) + 1200 Z os(m)os(n —m) + 96000 Z Z os(m)os(r — m)os(n —r)

r=1 m=1

+ Tos(n) — 1764205 m)os(n —m).

(3) Again by dimension formula arguing that S}, is one dimensional and comparing the
first Fourier coefficients we conclude that

203°72

A.
691

E12 - E62 -
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Comparing the Fourier coefficients we get that
n—1
2°3°7°7(n) = 65520011 (n) + 691.2.50405(n) — 691.504> >~ o5(m)as(n — m).
m=1
Dividing by 1008 and reducing mod 691 we conclude that
7567(n) = 657(n) = 65011(n) mod 691.
As (65,691) = 1 we conclude the final result.

3.7. A Riemmanian metric on the upper half plane. A Riemmanian metric on H can

be defined as
B dR*(2) + d3?%(2)

PG

which gives H a hyperbolic structure (More details in the upcoming lecture).

ds*(z)

3.8. Exercise. Let 21,20 € H. We define geodesic segment between z; and z, to be the
unique length minimizing curve (which exists) joining z; and zo under the hyperbolic metric
as above. We define the hyperbolic distance between z; and 2, to be

dp(z1, z9) := Length of geodesic segment between z; and zs.

(1) Prove that
ds*(gz) = ds*(z), Vg€ GLj(R),

that is ds? is a GLj (R) invariant metric.

(2) Prove that if (z;) = R(z2) then the geodesic segment joining them is the vertical
line joining z; and z,.

(3) Prove that for general z; and 2z, the geodesic segment joining them is the arc of the
unique half-circle centered on R containing these two points.

(4) Prove that

|21 — 22|2

cosh(dp(z1,22)) =1+ ()3 (5)

3.9. Solution.
(1) Let g = (CCL Z) Then we check that

d(gz)  det(g)

dz (cz+d)?
Also recall that det(9)3(2)
~ _ et(g)s(z
Slo2) lcz+d|?>
Thus
d 2 det(qg)]? d|* dz|?
dsQ(gz) _ | (gz)‘ o | € (g)‘ | |2 ’CZ_'_ ’ — ‘ Z‘ :dSQ(Z).

S(g2)? ez +dtTT |det(g)P3(2)? (2)?
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WLOG let I(22) > 3(21). Note that, the vertical path joining z; and 29 can be given
as

ol0) =Rz + 900 (34

S(21)

It is easy to check that the length of ¢
L(6) = log $(22) — log ().

Let ¢’ be any other curve joining z; and 29. Then the length of ¢;

AL PSGO) L s s

which proves the claim.
First we claim that there exists a g € SLy(R) such that

R(gz1) = R(gz2) = 0.

First we assume the claim. Then we see that the length minimizing curve joining gz,
and gzy, them having same real part, is a vertical segment ¢ as in the previous part.
As SLy(R) acts by isometry the geodesic joining z; and z; would be g7'¢. From
Exercise 3.1 we can conclude that SLy(R) preserves lines in P'(R) = HU {oo}, where
lines in P! (R) are vertical lines or half-circles centered in R. This concludes the proof
assuming the claim.

Now we turn to prove the claim. By transitivity property of SLy(R) action one can
find g such that gz; = i. Now as we know that SO(2) fixes ¢ for any k € SO(2) we
have gki = z;. So it is enough to find some k such that R(kg~'25) = 0. For any

2z € H we can always find k € SO(2) such that R(kz) = 0. If k = 6989 —sinf
sinf  cosf
and z = x + 7y) then to make sure that %(kz) = 0 one needs to see whether
T

which clearly exists.

By the argument in the part (3) we can find g € SLy(R) such that gz; and gz, has
zero real parts. Also from part (1) we know that g acts by isometry thus it is enough
to prove the statement for z; and z, purely imaginary. But in part (2) we have proved
that for such z; € iR one has

dn (21, 22) = [log I(21) — log I(z2)[= [log(z1/2)|.
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Thus,

1
COSh(dh(zl, 22)> = 5 (edh(21,22) + e*dh(zl,zz))
1

2

21 21

Z9 Z9

_ |zt + 4

2|2122|

|21 — 22|2

I o ]
TS ()5(z)

completing the proof.

21
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4. DUE ON 7TH NOVEMBER

4.1. Exercise. Prove that all the geodesics of H are the perpendicular lines P'(R) at two
points.

4.2. Solution. From the Exercise 3.8(2), 3.8(3) we know the the geodesic joining two points
z1 and 25 in H is the arc of the unique half-circle centered on R containing these two points
if they have different real parts and the vertical lines joining them if they have same real
parts. So we need to check that both the semicircles centered in R and the vertical lines
are perpendicular to P'(R) at two points. As P!(R) = R U {oo}, semicircles are clearly
perpendicular to R at two points in R, where as, vertical lines are perpendicular at a point
in R and oo. This proves the claim.

4.3. Exercise. Recall the canonical projection map
T H—-Y(T):={Tz]|ze€H}.

Let U; C H be an open set. Prove that

(2) Y(I') is connected.

4.4. Solution.
(1) We will show the contrapositive, that

m(U) Nm(Uy) # @ < T'(U;)NU, # 2.
To see this let for some u; € U; for i = 1,2
T'uy = Tus.
This implies that for 7, € I' there exists 79 € I' such that
MUy = YUy => Yy YUy = Us.
But the above implies that us € I'uq, in other words,
ug € I'(Uy) N Us.

The opposite implication is trivial. If there exists u; € U; for ¢« = 1,2 such that
ug € T'uy then I'uy = TMuy. Hence w(Uy) Nw(Us) # 2.

(2) As 7 is a projection, hence a continuous surjection, and H is connected so Im(7) =
Y (I') is also connected.
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4.5. Exercise. Recall the definition of U,y from the lecture with z € P(Q) and Y > 0.
Let T’ be a congruence subgroup of SLy(Z), z,y € P(Q), and 2 € H.
(1) Let U be a neighbourhood of z with compact closure. Show that the set

{vel U,y NU # o}
is finite, in fact empty, for U sufficient small and Y sufficiently large.
(2) If y ¢ I'z then show that the set
{’7 el | ’}/Um’y N Uy7y 7é @}
is finite for any Y > 0 and empty if Y > 1.
(3) If Y > 1 then show that
{’7 el | ’}/Ux7y N Ux7y 7é @} =T,.

(4) Prove that X (I') equipped with the quotient topology is a connected, compact, Haus-
dorff topological space.

4.6. Solution.
(1) Note that
7U1,Y - '70$<HY U {OO}> - 'VO-Q:HY U ’}/{J]}
As x ¢ H and U has compact closure hence
uecyU,y NU = u € vyo,Hy.

Now as o, is determined up to a translation on the right and Hy is translation
invariant we may think that x = oo and count v € I' so that yu € Hy with u € U.
In the usual notation of v this implies that

S(u) . 1 S(u)

—>Y = >Y.
lcu + d]? - { 23 (u)’ (R(u) + d)?

As U has compact closure both ¢ ad d has finitely many choices, following a similar

argument as in the lecture. Thus there are only finitely many (¢, d) such that ~ with

bottom row (¢, d) has yU,y NU # @. This in turn, equivalently, implies that there
are finitely many v € T',\I" such that the same happens. In fact, if

Y > 21615{%(10, S(u)'},

then from the above inequalities we conclude that ¢ = 0 = d, thus no possible choice
for ~.
(2) By conjugating we may assume that y = co. So, as U,y = 0,Hy U{z} and oo ¢ 'z,
we have that
ucyYUpy NUsoy = *flaglu, u € Hy.

We count +' := y~lo ! = <ch b). Again proceeding as previous we see that ¢ has

d
finitely many choice and thus finitely many choices for «v. This proves the claim.
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(3) As we know that o' = oo and 0, 'T,0, = B we may conjugate the claimed
equation by o, and assume that x = co. Therefore, if u € 7_1Um,y N U,y we have
that S(yu) > Y and (u) > Y. This implies that

() 1
Y > S(yu) = > <c?y
St lcu +d|? — 23(u)
As 'Y > 1 this implies that ¢ = 0 and thus v € B. Other inclusion is trivial to show.

(4) Compactness and connectedness of X (I') follow from compactification and connected-
ness of compactification of connected space respectively. Hausdorff property follows
from part (1) and (2).

4.7. Exercise. Show that a set of representatives for Cusp(I'g(q)) is given by the fractions
u
{—‘v | ¢,0 <u < (v,q/v)}.
v
Compute their respective widths.

4.8. Solution. All cusps are equivalent to some rational numbers as I'g(q) C SLo(Z). First
we find a set of representatives of I'g(¢)\SL2(Z). We claim that they are given by

(Cé I) , with ¢| ¢, (a,¢) =1anda mod g/c.

To see this we check that

a v a b\ * *
d d c d)  \cda+dc Jb+dd]

/ /
Here (i, Z,) € I'o(q). So(a,q) is invariant by multiplication of I'y(¢) in the left. In fact,
we can choose ¢, d’ such that
v:i=7cb+dd=(d,q) = v]q.

Solutions of ¢b+ d'd = v form an one parameter family (¢’ + dt,d’ — bt) where ¢ ranges over
mod ¢/v, to ensure ¢ =0 mod q. These solutions translate the bottom left u := ’a + d'cby
t, which ensures any choice of u modulo ¢/v. So a set of representatives can be chosen as

T:(Z Z), with ¢ | q,(a,¢) =1 and a mod ¢/c.

T — (1 _1> 1
we conclude the claim.

Now the cusps of I'g(q) are I'g(q)\SLs(Z).c0. They are of the form
{a/c|with ¢ | q,(a,¢) =1and a mod (c,q/c)}.

Now transforming
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To see that they are non-equivalent, let

a a
~ =7,
c c
for some v = Zl Zl € I'o(q). So ¢ = cia+dyc. This implies that ¢ | ¢ and as (¢/,dy) =1
1 ar

also ¢ | csoc=¢. Thus d; =1 mod ¢/c. So
d =aa+bc=aa=da=a mod (c, q/c).

This proves the set of inequivalent cusps is given by the claimed formula.
To find the width of the cusp a := a/c with need to find the generator of o, 'I'yo0, C B.

m> . Thus

Let the generator be <1 1

[y = 0.lso, ' NTo(q)

a * 1 m ¥ %
(=)0 ) () e
1—mac ma® \ 2
_{i< mc? 1+m@c)'q|mc}'
So m ranges over all the multiples of ¢/(g, ¢*) and this shows that m = ¢/(q,c?). Thus the

width of the cusp a/c is ¢/(q, ¢?).

4.9. Exercise. Let a and b are two cusps for a congruence subgroup I' with scaling matrices
o, and oyp.

(1) Prove the following disjoint decomposition of double cosets:

a;lfabzéabBUU U B(: 2) B,

c>0d mod ¢

where B is the set of upper triangular matrices in SLy(Z) and (Z 2) such that it

belongs to o, 'T'op.

(2) Define
C(a,b) = {c >0 | (;k :) € aalFab} :

Also define ¢(a, b) to be the smallest element of C(a,b). Let
C :=maxc(a,a),c(b),b.
Prove that for any X > 0

Z ¢! {d mod ¢ | (i ;) Eaa_ll“ab}‘ < C7'X.

0<e<X
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Hence for any ¢ € C(a, b) we have

{d mod c | (Z Z) € aa_lf‘ab}' < Ot

(3) Let z € H and Y > 0. Then prove that

€ Ia I C\O_l Yz > Y —1 —_ .
’{/7 \ ’\9 a < }| < C(Cl, a)jr
4.10. Solution.

(1) First note that for any cusp a we have o, 'a = co and o, 'T'yo, = B. We examine
the set
Qoo == {w € 0, Ty | woo = o0},
which consists of the upper-triangular matrices in o, 'T'cy. Suppose that Q. is not
empty, say w := 0, 70y € Qu. Evaluating v at b, we get that

vb = aal“ab_l = 0,00 = Q.

Hence a and b are equivalent; hence they are same cusps and v € I'; and w € B.
Therefore, 2, = B if a = b, and empty otherwise.

Let w := (CCL Z) be any other element of o, 'T'o,. Then from the relation that

I m\ (fa %\ (1 n\ [a+cm *
1 ¢ d 1) c d+cn
we can conclude that the double coset €2 := B i 2) B determines ¢ uniquely and

d modulo a multiple of ¢. Moreover, given ¢, d with w, the double coset {2 does not

/
depend on the upper row of w. To see that if w := <i 2) € 0, 'T'o, then

/=1 —1
ww €0, I'yoqa = B.

Thus w’ € wB and so @’ = a+ ¢m for some m € Z. Hence the disjoint decomposition
follows.

(2) Let C = c(a) > ¢(b), if not, by symmetry we can interchange the cusps by inversion.
Fw= (" *)andw = *, *, with 0 < ¢, < X then " == ww™! = f, *) e

c d d d "%

o 'Toy with ¢ = dd — ed'. Tf ¢ = 0 then, as in the previous case, the cusps will be

equal. So we assume that ¢’ # 0 and thus |¢’|> C and so

d d C C

—— =z — 2 —.
d ¢ cc cX
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As (c,d) =1 the fraction ¢ uniquely determines the pair. Let A be set of ¢ in [0, 1]
with the prescribed gap. Then

1 > max(A) — min(A)

d d
> 2 2 o

0<c<z d/c and d’/c’ are successive

C B * % _
ZY ch{d modc|<C d)EaalFab}

0<e<X
which completes the proof. Second part is immediate from the proof.
(3) Again as in solution 4.6 we may assume that, possibly conjugating, a = oco. Let
v € I'\ Ty, so ¢ > 0. Also acting by element from I'y, on the left of vz, which
amounts to translation of vz we can also assume that

zellL\HND = 0<R(2) <1,|cz+d|> 1.

)

Thus from

S(z

we conclude that I(z) > Y. Also,
¢ < (S(2)Y)V2 |eR(2) + d|< (3(2) /Y)Y
Thus for C < ¢ < 2C,

R(:) + dfel< S(SG)Y)Y = dfee [-1- L3/ S(S()/7))

From the spacing property of the possible d/c, as in the previous solution, we conclude
that possible number of (¢, d) is

C
T (X(2)/Y)V2
< ¢(00, 00) (83()/Y)
Now summing over the dyadic intervals with C' = 27"(3(2)Y) /2 we get that number
of possible v which are not in B is

o (S()Y) 2 1/2

o\ ) (X(2) /Y)Y
< ngl (o (3(2)/Y)7" <

, 00) c(00,00)Y"

Now adding one more point for v € B we conclude.
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5. DUE ON 21sT NOVEMBER

5.1. Poincare series for general cusps. Let a and b be two cusps of a congruence sub-
group I' with usual notations for scaling matrices and stabilizing subgroups. Here we will
define a Poincare series of weight k with respect to a cusp which not necessarily co. Recall
that j(g,2) = cz + d where g has (¢, d) as its lower row. Let p : HH — C be a holomorphic
function with period one.

(1) Define 7 : T' x H — C by

k

(7,2) = jog . 2) Fplog 'vz).

Prove that 7 is I'y left-invariant on the first entry. This allows us to unambiguously
define the Poincare series

Py(z) = Z (7, 2).
yET\I

Check that the defining series of P, converges absolutely if & > 2.
(2) Prove that P, satisfies the modular transformation.
(3) Recall the slash operation of weight k, for det(g) = 1, by

fo(2) == 3(g,2)*f(g2).
Prove that

Prjoy (2) = dapp(2) + Z 1,(2),

1#yB\og 'Toy /B

where

L) = T syt (2o ),

~ ¢ cle(z4+n)+d)

for any v = (? 2) € o, 'Toy.

(4) In the lecture we have seen the case when p(z) = e(mz) to define m’th Poincare series
and obtained its Fourier expansion at the cusp co. Prove that, again if p(z) = e(mz)
and b is a cusp of I then the m/th Poincare series P,,, has Fourier expansion at cusp

b:
Pam('z) = j(ab’ Z)k Zpub(m> n)e(nz)’

where

o i} 1 Sae(m,n;c) 4\/mn
Pas(m,n) = (n/m) {(5ab5mn + @ni DZO b - Jp—1 (T) } :
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ma + nd
Sa(m,n;c) = Z e (T) :

a x c —1p
g Op
c d] "

5.2. Petersson trace formula. If a = co we will denote P,,, by P,,. Let f be a weight k
modular form having Fourier expansion at b

= Z fb(n)e(nz

Denote (,) to be the Petersson inner product as defined in the lecture.
(1) Prove that

and

Pk—1) 5
U Pu) = gyt ()

(2) Let F be an orthonormal basis of Sg(T' ) Prove that,

CTk-1) s R
(47T\/_ k 1 Zfa fb n) = OabOmn + @it Z b(m, n; ¢ Ty < us Cmm) '

(3) There exists an absolute constant mg such that if m < mgc(oco, 00) then P, does not
vanish identically.
Hint: Lower bound ||P,||> by bounding average Kloosterman sum and the bound
Ji(y) < min(y",y='/2).

5.3. Bounds of Fourier coefficients. Let f be a weight k cusp form for I'y(¢) with Fourier

expansion at infinty
= Z a(n)e(nz)
n=1
Fix k and q.
(1) Prove that
> la(n)P<; N*.
n<N

(2) Prove that without the absolute value the above sum will have lot of cancellation, in
fact,

Za e(an) <5 N**1og(2N),
n<N

for any real a. Thus,

Z a(n) <; N*?1og(2N).

n=a mod ¢;n<N



30

MODULAR FORMS EXERCISES AND SOLUTIONS
(3) Let for some 1/2 < o < 1 the sum
ZC_QUS(TL, n;c) L. n.
c>0
Prove that, assuming the above,

a(n) <K . ntFitote
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