D-MATH Functional Analysis | ETH Ziirich
Prof. A. Carlotto Problem Set 1 Autumn 2017

1.1. Equivalent Norms &

Definition. Let X be a set. A metric on X is a non-negative function d: X x X — R
which satisfies for all z,y,z € X

dz,y) =0 z=y,  dzy) =dyz), daz) <dzy)+dy,z)
We say that two metrics d and d’ on X are equivalent if
4C > 0 \V/J?l,l'Q cX: C_ld/(l‘l,wz) < d($1,1'2) < Cd/(l‘l,$2).

Let X be a vector space over R. A norm on X is a non-negative function ||-||: X — R
which satisfies for all z,y € X and A € R

2]l =0 < 2 =0, [Az]] = [Alll]l, [z +yll < llzll + llyll-
We say that two norms ||-|| and ||-||" on X are equivalent if
3C >0 VzeX: CYaz| <|z| <Oz’
Recall that a norm ||-|| induces a metric dj.| by the formula dj.(z1,22) = ||z1 — 22|

(a) Let X be a finite-dimensional vector space over R. Show that all norms on X
are equivalent.

(b) Construct two metrics on R? that are not equivalent.

(c) Construct a vector space X with two norms ||-|| and ||-||" that are not equivalent.
Hint. Prove that ||-|| and ||-||" are not equivalent by exhibiting a sequence (x,) C X
that converges for ||-|| but not for [|-]|".

1.2. Intrinsic Characterisations £

Let V' be a vector space over R. Prove the following equivalences.

(a) The norm ||-|| is induced by a scalar product (-,-) (in the sense that there exists
a scalar product (-,-) such that Yz € V : [|z|* = (z,z))

< the norm satisfies the parallelogram identity, i.e. Vx,y € V :
2 2 2 2
Iz + yll* + Il = l* = 2(ll[1* + ly]*)-
Hint. If ||-|| satisfies the parallelogram identity, consider (z,y) := ||z +y| 2—iHJE—yHQ.

Prove (Az,y) = A(z,y) first for A € N, then for A € Q and finally for A € R.
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(b) The metric d(-,-) is induced by a norm ||-|| (in the sense that there exists a norm
||| such that Va,y € V' : d(z,y) = [l — yl|)

< the metric is translation invariant and homogeneous, i.e. Yv,x,y € V VA € R:

d(z + v,y +v) = d(z,y),
d(Az, \y) = |Ald(x,y).

1.3. Infinite-dimensional vector spaces and separability &

(a) Let @ # Q C R™ be an open set. Show that LP(Q) is an infinite-dimensional
vector space for all 1 < p < oo.

(b) Let (X, A, 1) be a measure space. Recall that if X is separable and the measure p
is finite (or, more generally, o-finite) and if 1 < p < oo, then the space LP(X, A, p) is
separable. Roughly speaking, in the simple case when X = (0, 1), A = Borel-o-algebra
and p = £, this relies on the fact that any element in those spaces can be arbitrarily
well approximated by a function of the form

k
f:ZQz‘XBi for k €N, B; := B, (z;), ¢, € Q, 2, € QN (0,1), 0 <r; € Q.
i=1

Show that instead (LOO((O, 1)), ”'HLoo((o,l))) is not separable, i.e. it does not contain
a countable dense subset.

(Recall that ||ul| o1y = If{K >0 [ Ju(z)| < K for almost every z € (0,1)}.)
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