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8.1. A result by Lions-Stampacchia &

Let (H,(,-)u) be a Hilbert space and let ) # K C H be a closed, convex subset. Let
f: H — R be a continuous linear functional and let a: H x H — R be a bilinear map
satisfying

(i) Veye H:  alz,y) = a(y,a)
(i) JA>0 Ve,ye H: la(z,y)| < Allz|g4llylx
(i) >0 VeeH: alzz)> Nzl

Consider the functional J: H — R given by J(z) = a(z,z) — 2f(z) and prove that
there exists a unique yo € K such that the two following inequalities both hold.

Yy e K: J(yo) < J(y),
Vye K: a(yo,y—vo) > fy— o)

8.2. Duality of sequence spaces &
Consider the spaces

co = {(xk)keN € (> ’ lim z;, = 0} c:= {(xk)keN € (> kh—>120 T exists}.

k—o00

(a) Quick warm-up: Is (co, ||-||,) & Banach space? Is (c, ||-||,~) a Banach space?
(b) Show that the dual space of (co, ||4=) is isometrically isomorphic to (€%, [|[|,1).

(c) To which space is the dual space of (¢, ||+|| o) isomorphic?

8.3. Projection to convex sets o

Let (H,(-,-)u) be a Hilbert space and let ) # K C H be a closed, convex subset. Let
P: H — K be the operator which maps x € H to the unique point Px € K with
|z — Px||, = dist(x, K) which was constructed in problem 7.7 (b).

(a) For every z1,x9 € H prove the inequality

[Py — Paolly < |lo1 — 22| -

(b) Prove that

K= ({yeH|(x— Pzx,Pr—y)y >0}

reH
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8.4. Strict convexity (&

Definition. A normed space (X, ||-|| ) is called strictly convez if || Az + (1 =Nyl <1
holds for all 0 < A < 1 and all z,y € X with z # y and ||z||y =1 = |ly| -

Let (X, ]|-][x) be a normed space. The “abundance”-Lemma (Satz 4.2.1) states that

Vee X It e X |o*|5 = 2% (x) = |l2|%-

(a) Prove that if X* (but not necessarily X) is strictly convex, then for all x € X
there exists a unique z* € X* with ||z*|%. = 2*(z) = ||z]/%.

(b) Find a counterexample for uniqueness of such z*, if X* is not strictly convex.

8.5. Functional on the span of a sequence (¢’

Let (X, |-||x) be a normed space, let (zx)ren be a sequence in X and (ag)ken a
sequence in R. Prove that the following statements are equivalent.

(i) There exists ¢ € X* satisfying ¢(zy) = oy, for every k € N.

(ii) There exists v > 0 such that for every sequence (fi)reny in R and all n € N

n n
> Bray, > Br
k=1 k=1

<7

X
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