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1.1. Equivalent Norms

(a) Let n =dim X and let {ey,...,e,} be a basis for X. Then every € X is of the

form x = Y}, xxer with uniquely determined components z1,...,x, € R. Recall
that

zl| = max |z

ol = max [
defines a norm on X. We show that any given norm ||-|| is equivalent to |||, and

therefore any two norms are equivalent to each other. We have

n n n
] = |1 >_ wrer|) < D _llwnexll = > _lalllexl]
k=1 k=1 k=1
< =nM
<, max ol ) ( max_ ) = n|al] (4
where
M= < max ||ek||)
ke{l,...,n}
is a finite constant. The triangle inequality implies ‘||x|| - HyH‘ < |l — y||. Combined

with (%) we have

1zl = NIyl < Il = yll < nM ]l =yl

for every z,y € X. This implies that ||-||: (X, |-]|..) = R is a continuous map. We
restrict this map to K := {x € X | ||z|| = 1} which is a closed and bounded subset
in a finite-dimensional space, hence compact. Therefore, the function ||-|| attains its

extrema on K. Let x1,xo € X such that
my = min|[z]| = [l my = max|z|| = 22|

Since ||z1||, =1 we have z; # 0 and m; > 0. For arbitrary € X \ {0} we have

—x|| < my < 00.

1
( x)EK = 0<m1§’
12| o

]l

Multiplication with ||z||_ implies

0 <mallz]lo < llzfl < mellzll, < oo
Any other given norm |[|-||" satisfies analogously
0 <millzlly < flel” < myflel < oo
The combination of the two last inequalities proves

IC>0veeX: C Yzl < |f < Ol
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(b) Let d be the metric on R? induced by the Euclidean norm. We define d’ on R? by

0, ifx=y

d’(x,y):{l ifx £y

Let z be a point on the Euclidean unit circle S* C R? let z, = 2. Then, d(0,z,) = &
and d'(0,z,) = 1. Since an inequality of the form 1 < C% can not hold for every
n € N if C is finite, d and d’ are not equivalent.

(c) Let X = C'([0,1]). Let ||-|| and ||| be the two norms on X given by

lull = llullco = sup Ju(@)],  Jlull" = max{ sup |u(z)], sup [u/(z)|}
z€[0,1] z€[0,1] z€[0,1]

For n € N we consider 1+

fn:[0,1] = R

T — .
n

1

/

0

—_

Then, f, € C'([0,1]) for every n € N. Moreover, ||f,|| =% and || f,||' = 1. Since an
inequality of the form 1 < C% can not hold for every n € N if C is finite, ||-|| and |-|
are not equivalent.

1.2. Intrinsic Characterisations

(a) If the norm ||| is induced by the scalar product (-,-), then the parallelogram
identity holds:

|z +yl* + llz — yl*

=@ +ty,z+y +{T-y,r-y)

= (z,2) + (z,9) + (¥, 2) + (y,9) + (z,2) — (2,9) — (y,2) + (y,9)
= 2]z )|* + 2|ly|I*.

Conversely, we assume that ||| satisfies the parallelogram identity and claim that
2 2
(e.9) = {lle +yl* = {lle ]

defines an scalar product which induces ||-]|.
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e Symmetry. Since ||z —y|| = |[(=1)(y — z)|| = ||y — z| and since z +y = y + z, we
have (z,y) = (y,z) for all z,y € V.

e Linearity. Let x,y, 2z € V. We use the parallelogram identity in the following way.
Iz +2) + ylI” + lI(z + 2) = ylI* = 2l|z + 2|* + 2y ||*.

We rewrite the equation above to obtain
lz+y+2)° = 2llw + 2)° +2ly” — llz —y + 2" = A

and switch the roles of x and y to get
lz+y +2)1° = 2lly + 2|* + 2l|=]* — |ly — = + 2| = B.

Therefore,

A B

2—7 JR—

Hx+y+d]—2—%2
lz —y+ 2>+ [ly — 2 + 2|

2 2 2 2
= llz 4 2l + lylI” + lly + 27 + [l = 5

Analogously,
24y~ = 2 2
le—y— 2"+ lly — = — 2|

2 2 2 2
=l = z[I" + [lyll” + lly = 21" + =[] - 5

(2)
Note that the last term of (1) agrees with the last term of (2). Hence, we have

(+y.2) = fla+y+ 2l = flle+y -
2 2 2 2
= 1l +2” +lly + 21 =l = 21 = lly = 2I*) = (2, 2) + (v, 2),

Let n € N. By induction on the number of summands in the first slot, we have

(nx,z) = <,§: x, z> = kZi:(a:, z) =n(z, z)
Moreover, since (0,y) = i(|\y|]2 — HyHQ) =0,
0= <0>y> = <ZE - I7y> = <ZE,y> + <_:L‘7y> = <—J},y> = —<£L‘7y>.

Consequently, (mx, z) = m(x, z) for every m € Z. Let m € Z and n € N. Then,
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which implies (g, z) = q(x, z) for every q € Q.

Let A € R and let (¢,)nen be a sequence of rational numbers converging to A for
n — oo. Since the triangle inequality |||z|| — [Jy]|| < ||= — y|| implies that the norm is
a continuous map, we have

Az, 2) = LAz + 2P = 3w — 2)° = lim (§llgnz + 2)° = $llgne — 2°)
= lim (¢, 2) = lim gu(z, 2) = Mz, 2).
Linearity in the second argument follows by symmetry.
e Positive-definiteness. For all x € V| we have

2 2 2 2
(@, 2) = fllz+2l" = flle — 2| = Fl122]]" = ||=[I" > 0.

This also shows that ||-|| is induced by (-, -). Moreover, (z,z) =0 < ||z| =0 < = = 0.

(b) If the metric d is induced by the norm ||-||, then

d(z+v,y+v) = [[(z+0) = (y+ o)l = llz -yl = dz,y),
d(Az, Ay) = [[Az = Ayll = [A(z = )| = [M]lz = yl|

Conversely, we assume that the metric d is translation invariant and homogeneous
and claim that

]| := d(z,0)

defines a norm which induces d. The function |[|-|| is indeed a norm, because for all
x,y,z €V and A € R, we have

|z]| =0 < d(z,0)=0 < z=0,
[Az|| = d(Ax,0) = d(Az, A0) = |A|d(z,0) = |Al]|z]],
|l +yll = d(z +y,0) < d(z +y,y) + d(y,0) = d(z,0) + d(y,0) = ||| + [ly]

Moreover, ||-|| induces the metric d since for all z,y € V

[ =yl = d(z —y,0) = d(z,y).
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1.3. Infinite-dimensional vector spaces and separability

(a) Suppose by contradiction, LP(Q2) has finite dimension d € N. Since () # Q C R”
is open there exist d + 1 disjoint balls B; := B, (z;) C Qfori=1,...,d+ 1. Let

i
Az — 2 A
wi(x) = maX{O, 1-— M} A .

T Q B;

7

Then, ¢1,...,0401 € C.(2) C LP(Q) with disjoint supports. Moreover, since the
subset {1, ..., pqr1} contains more than d Elements, it must be linearly dependent.
Let A1,...,Aq+1 € R be not all equal to 0 such that

d+1
i=1
However, if we multiply by ¢; for any j € {1,...,d + 1} and integrate over (2,

d+1
O:/QZ/\z'SOiSOde:/Q/\iQO?d,u:)\j/ngidlu :>)\j:0-
=1

(b) We define I, :== (;i7,+) C (0,1) for n € N and consider the characteristic

function xj, of I, i.e.

(z) 1, ifxel,,
xTr) =
Xt 0, ifxe(0,1)\ L

Given any subset ) # M C N we define the function fy, € L>((0,1)) by

fu(z) = Z X1, (7)

neM

Since the intervals I,, are pairwise disjoint, open and non-empty, we have || fas||; - =1
for every () # M C N. For the same reason,

e = farll o = 1.

if M # M’'. Therefore, the balls By = {g € L>((0,1)) | [lg — full < 3} are
pairwise disjoint. If S C L>((0,1)) is any dense subset, then S N By, # () for every
() # M C N. Thus, there is a surjective map S — {By, |  # M C N}. Since there
are uncountably many different subsets of N, the set S must be uncountable as well.
Therefore, L>°((0,1)) does not admit a countable dense subset.
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