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2.1. A metric on sequences

(a) The function d: S x S — R is well-defined because for any (z,)nen, (Yn)nen € S,

0< d<<wn)n€N7 Yn nEN) Z 27" ‘xn Y Z 27"

neN 1+ ’x - y" neN

Symmetry and the requirement d((z,)nen, (Yn)nen) = 0 < Vn € N @ z,, = y,, both
follow from the respective property of |z, — y,|. It remains to prove the triangle
inequality. For every z,y, 2 € R we observe

lv —2] 1
1+ |z — 2| 1+ |z — 2|
1
Ltz —yl+ly -2

_ eyl +ly—2|
L+ [z —y[+ |y — 2|

_ |z —y| ly — 2|
L+l —yl+ly—2 1+[z—yl+|y— 2

l’_ —_—
< |z — y| N ly — 2| ‘
Il+|z—yl 1+|y—2z|

Replacing x, vy, z by x,, yn, 2, in the definition of d proves the triangle inequality.
(b) Completeness of (S, d) will follow from the following two claims.

Claim 1. Tf (X®)pen = ((29)en)ren is a Cauchy-sequence in (S, d), then (z(9)cx

n
is a Cauchy sequence in (R, |-|) for every n € N.

Proof. Let ng € N be arbitrary but fixed. Let 0 < ¢ < 1. By assumption there exists
N € N such that for every k, ¢ > N

x! —x£)| £

d(X® XO) 2" i < .
( % 1+\:v a:,(f)| 2m0(1 +¢€)

In particular, since every summand is non-negative,

2® — 0| .
o < .
1+ |z — 2] 21 +e)

—ng

This implies |2 —2()| < ¢ for every k, ¢ > N which means that (z")) ey is a Cauchy
sequence. ]
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Claim 2. Let (X®)en = (20 en)ren be a sequence in S. If z8) £2%% 2 in (R, ||)

k—oo

for every n € N, then X*) 2% X = (z,,)pen in (S, d).

Proof. Let € > 0 and let N, € N such that

o9}
Yooar=2<
n=N:+1

DN ™

By assumption, there exists N € N such that |z*) — 2, | < 5 for every k > N and all
the finitely many n € {1,..., N.}. Hence

k) _ | o 20 — 2|
d X(k),X _ 9—n |'rn n + 9—n n n
( =2 1+ |28 — ; 1+ |28 —

27"+ Y 2_”§§+§:5. O
n=1 n=N:+1 2 2

Let (X® ey = () pen)ren be a Cauchy-sequence in (S,d). Since (R, ||) is
complete, (2),cy has a limit z,, € R for every n € N by Claim 1. Then, by Claim 2,
(X®))en converges to (7, )nen in (S, d). Therefore, (S,d) is complete.

(c) Given arbitrary s = (s,)nen € S and r > 0, we consider the ball
B,(s) :={z e S|d(z,s) <r}.

The claim is S. N B,(s) # 0. Let N, € N such that

Yooor=2"Nr <y
n=N,+1
and let = = (z,)neny € Se be given by

Sp, forme{l,...,N,},
Ty =
0, for n > N,.

Then
d(xz,s) = i 2_”M < i 27" <o
Np+1 1+ s, = 0] — n=Ny+1

Hence z € S. N B,(s). Since s € S and r > 0 were arbitrary, it follows that S, is
dense in (5, d).
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2.2. A metric on C°(R™)
Recall that K1 € Ky C ... C R™ is a given family of compact sets such that
K, C K, for every n € N and U,y K,, = R™.

(a) The solution is identical to the solution of Problem 2.1 (a) after replacing |-| by
||'||CO(KH) in each summand.

(b) In the following, the restriction of f € C°(R™) to K C R™ is denoted by f|x-.

Claim 1. If (fx)ren is a Cauchy-sequence in (C°(R™), d), then (fi|x, Jren is a Cauchy-
sequence in (CO(Kn), H-HCO(KR)) for each of the compact sets K,, C R™.

Claim 2. Let (fi)ren be a sequence in C*(R™) and let f € CO(R™). If f koo, f

in C°(K,) for every n € N, then f, ==>% f in (C°(R™), d).

Kn K’n

Proof. The proofs are identical to the proofs of Claim 1 and 2 in 2.1 (b) after replacing
zF by filk, and |-| by ||'||CO(Kn) in each summand. O

Let (fi)ren be a Cauchy-sequence in (C°(R™),d). Since (CO(Kn), ||-||Co(Kn)> is com-
plete, (fx|k, Jren has a limit g, € C°(K,,) for every n € N by Claim 1. In particular,
given any n € N pointwise convergence fi.(x) — g,(x) holds for every x € K,,. Since

the pointwise limit is unique, g,11|k, = gn for every n € N. Therefore, there exists a
well-defined function f: R™ — R such that g, = f|k,,.

Because K,, C K, and U,cy K, = R™, every point z € R™ has a neighbourhood on
which f inherits the continuity of g, for some n € N. Thus, f € C°(R™). Then, by
Claim 2, (fi)ken converges to f in (C°(R™),d). Therefore, (C°(R™), d) is complete.

(c) Let f € C°(R™) be arbitrary. Since K, is compact with K,, C K?

ni1, we have

en 1= dist (K, (K7,,)F) > 0.
For every n € N we define the function ¢ € CY(R™) by

1 — Ldist(x, K,,), if dist(z, K,) < &,
oy {1 it ) (@ K.
0, else

k—o0

and consider f; := @i f. By construction, fix|x, —— f|k, for every n € N. Therefore,
fo 2% fin (C°(R™),d) by Claim 2 of (b). Since f € C2(R™) for every k € N and
since f € C°(R™) was arbitrary, we have shown that CO(R™) is dense in (C°(R™), d).
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2.3. Statements of Baire

For a metric space (M, d) we shall prove equivalence of

(i) Every residual set 2 C M is dense in M.
(ii) The interior of every meagre set A C M is empty.

(iii) The empty set is the only subset of M which is open and meagre.

(iv) Countable intersections of dense open sets are dense.

“(i) = (ii)” Let A C M be a meagre set. Then, AC is residual and dense in M by (i).
Hence, () = (M \ A%)° = A°.

“(ii) = (iii)” Let A C M be open and meagre. Then A = A° and A° = () by (ii).
“(iii) = (iv)” Let A = N,ey An be a countable intersection of dense open sets A,, C M.
Since A, is dense, (AC)° = (). Since A, is open, AL is closed. Thus, (A8)° = (AC)° =@,
which means that AL is nowhere dense. Thus, A® = U,y A% is meagre. (AL)° is open
and meagre, hence empty by (iii). This implies that A is dense in M.

“(iv) = (1)” Let Q C M be a residual set. Since A = QF is meagre, A = U, oy A, for

nowhere dense sets A,. Then § = (A4,)° = (M \ (4,)%)° which implies that (4,,)° is
dense in M. Moreover, (4,)° is open since A, is closed. Then, (iv) implies density of

Q=Ab= AL N4
neN neN
2.4. Discrete LP-spaces and inclusions

(a) Let 1 <p < g < oo. It suffices to prove the inequality ||z||,, < ||z, for all x € 7

which implies the inclusion 7 C ¢? by definition of the spaces. Since (n_%)neN € I\ P,
the inclusion is strict.

Scaling. Since ||z||,, < ||z||, if and only if [|Az||,, < ||Az||, for some A > 0, it suffices
to prove ||z||,, <1 for all x = (z,)nen € ¢ with ||z, = 1.

Case g = oo. For all n € N we have

1 o0 H
7al = (12al")” < (Lhol”)” = llalle = 1.
k=1
Therefore, ||||,0c = sup,eyl|zn| < 1.

Case ¢ < oco. The assumption ||z||,, = 1 implies |z,| < 1 for all n € N. Since
1 < p < ¢, we have |z,|? <|z,|” for all n € N. This implies the inequality

1 1 1 )
lello = (Slel?)" < (Sleat)" = (hells)" =15 =1

neN neN
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(b) In order to show that A, = {z € ¢?| ||z||,, < n} is closed in (¢4, ||-||,,), we will
prove that the limit of every ¢?-convergent sequence with elements in A,, is also in A,,.

Let (a®))ren be a sequence of elements a*) = (agk))jeN € A,. Suppose b = (b;)jen € (1

satisfies klim [|a®) — bllse = 0. Then, for every j € N,
—00

1
k k k—00
)~ byl < (Slal — ") = Ja® ~ bl =0
ieN

Let N € N be arbitrary. By continuity of |-|”: R — R, we have

N N
> |l = klim Z|a§k)|p < limsup|ja® ||}, < n?

—>Ooj:1 k—00

J=1

since the number of summands is finite. In the limit N — oo, we see [|b]|}, < n?,
which implies b € A,,. Therefore, A, is closed in (¢4, |-||,q)-

Towards a contradiction, suppose A,, has non-empty interior in the £?- topology. Then
there exist @ = (@, )men € A, and € > 0 such that

B:={zel?||a— x|, <e} C A,
Consider b = (b, )men € ¢4 given by b, = mr. Indeed, ¥>°_, m™» < oo since p < q.
We define z = (z,,)men by

eb,
2[[bllp

Zm = Qm, +
Then |la — z[[,, = 5 and z € B. However, b ¢ % and a € 7 imply z ¢ (* D A,, which
contradicts B C A,,. Therefore, A,, has empty interior in (£2, [|-||,,).

Being closed with empty interior, A,, is nowhere dense in (¢9, ||-||,,). Since # = U,en 4,
we may conclude that /7 is meagre in £9.

(c) Since ¢Pr C (P2 for p; < py by (a) we have
Ue= U
pE€llql p€[1,q[NQ

By (b), the right hand side is a countable union of meagre subsets of (¢4, ||-||,,) and
therefore meagre itself (see lecture notes, Beispiel 1.3.2.iii). Being complete, ¢? is not
meagre in (€9, |]|,;). Therefore, we may conclude strict inclusion

U ece

p€[1,g[NQ
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