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12.1. Integral operators
(a) Let f € L*(Q2). Then Holder’s inequality and Fubini’s theorem imply

JiED@dr= | < [([Ikeseldy) da
< [ (L@ P ) 171y do = 1K eyl

Since k € L*(Q x Q) by assumption, [|K f|l 120y < [1kll 2(quay | fll 120y < oo follows.

| k) () dy

(b) Since the space L?(Q) is reflexive (which follows from being a Hilbert space),
problem 11.4 (e) implies that K: L*(Q) — L?*(2) is a compact operator, if K maps
weakly convergent sequences to norm-convergent sequences.

Let (f.)nen be sequence in L2(Q) such that f,, ~ f as n — oo for some f € L?(Q).
Since k € L*(Q x Q), Fubini’s theorem implies that k(z,-) € L*(Q) for almost every
x € ). Weak convergence therefore implies

(K f)(@) = (K@, ), fa) oy = (B0, f) o = (K F)(@)

L2(9) )

for almost every x € 2. As weakly convergent sequence, (f,,)nen is bounded: there
exists C' € R such that || f,||2(q) < C for every n € N. By Hélder’s inequality,

(K fu) ()] < /Q|/<?(37,y)fn(y)|dy < k(s ) 2ol fall 2y < ClE(@, )l 22y
The assumption k¥ € L*(Q x Q) and Fubini’s theorem imply that the function
x> Cllk(z, )| 2(q) 1s in L*(Q). Thus, (K f,)(z) is dominated by a function in L*().

Since (K f,,)(x) converges pointwise for almost every x € € to a function in L?(f2),
the dominated convergence theorem implies L*-convergence ||K f,, — K f|| ;2(q) — 0

12.2. Uniform subconvergence
For every n € N and z € [0, 1], the assumptions f}(0) = £,(0) and |f/,(t)] < C imply

L@ < 1RO+ [(1701d =150+ [(17:01d < C+ac <20

Consequently, (f,)nen is uniformly bounded in C°([0, 1]). It is also equicontinuous:

[fn(x) = fu(y)] =

10 dt’ < Clr -y,

hence |f,,(z) — fu(y)| < € whenever |z —y| < 0 := 55. By the Arzela-Ascoli theorem,
(fn)nen has a uniformly convergent subsequence.
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12.3. Multiplication operators on complex-valued sequences

(a) Given a € (¥, let (T'z), = a,x, for v € (:. We obtain ||T]| < Ha”@‘é“ from

2 2 2 2
T2l = Ylanal? < llalle ol
neN
Given any k € N let e, = (0,...,0,1,0,...) € ¢4, where the 1 is at k-th position.
Then, ||Tek||€% = lag| = |ak|||ek||é% implies || T'|| > |ax|. Since k € N is arbitrary,
T > H@He(go follows. To conclude, ||T|| = HaHego-

(b) The adjoint operator T* of T is given by (T*y),, = G,y, for y € (% because

VZC, Yy e g% (I, T*y)f?c = (T.T, y)é% = Z AnTplYn = Z T nlYn -

neN neN

and we conclude T =T* < a, =a, Yn € N.

(c) Let T € L(¢%,(%) and e, € (% be as in (a). Being an orthonormal system of the
Hilbert space (2, the sequence (e,,)nen converges weakly to zero. If T' is a compact
operator, then |a,| = ||Ten||gé — 0 as n — oo.

Conversely, let (a,)n,en be a sequence in C such that a, — 0 as n — oo and let
T € L(¢%, /%) be the corresponding multiplication operator. Let (z*)),cy be any
bounded sequence in /2 and C' > 0 a constant such that [|z*)|| @ < C forevery k € N.
Since (2 is reflexive, there exists z € /2 and an unbounded subset A C N such that

+®) % 2 as A 3 k — co. In particular,

i (k) — 5 )y , — —
i = e e e = (e e = o %

Moreover, since Bc(0; (%) is weakly closed, ||x]|g% < C. Let € > 0. By assumption,

there exists N € N such that |a,|” < ig for allm > N. Assuming a # 0, let K € A
such that for all A 5 k > K and each of the finitely many n € {1,..., N} there holds

£
e
2NallZ

|x§1k) - In|2 <

This is possible due to (x). Then, for all A 5 k > K

9 N [e%s)
HTx(k) —Tx o= Z|an(x$f) — gvn)|2 + Z |an(m£f) — xn)|2
C n=1 n=N-+1
<§:M"|25+5 (\x(’“)]2+\x ‘2)<§+E_5
T 2N|allfe  AC SZNTT T2 2 T
C

Thus, (T2®)zcp converges in £2 which proves that T is a compact operator.
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12.4. A compact operator on continuous functions
Given a < b, let T': C°([a,b]) — C°([a,b]) be the linear operator defined by

= dt
a VI —1
(a) For every z € [a,b] and any f € C°([a,b]) there holds

T 1 T
A ﬁdt:{_va_t}t:a:2vx_a7
= f()]
(TH)@) < [ m dt < 2= alfllesany
Therefore, |T f|cogasy < 2V0 — all fllcogazy and IT]] < 2v/b — a. In fact, choosing a

constant function f, we obtain ||T|| = 2v/b — a.

(b) Let (fy)nen be a bounded sequence in C°([a, b]) and let C' > 0 be a constant such
that || full oy < C for all n € N. Then the sequence (1'f,)nen is also (uniformly)
bounded in C°([a,b]) since

1T fallcogasy < N T fall ooy < 2CV0—a

by part (a). To show equicontinuity, we consider a < z < y < b and estimate

v fu(t) v fult)
\/_dt— a _x_tdt’

U (-

y”—d”/ [7n(2) (\/J:l—t B \/yl—t> at
1 1
§C</x md“/a <\/m‘ m)dt>
SQC(\/y—x+\/w—a—\/y—a+\/y—$)
<40y =7

Hence, |(T'f,)(y) — (T f.)(x)| < & whenever |y —z| < 6 := 1602 By the Arzela—Ascoli
theorem, (T'f,,)nen has a uniformly convergent subsequence, which proves that T is a
compact operator.

[(Tf)(y) = (Tfu) ()] =

(c) In part (a) we computed the operator norm ||T'|| = 2v/b — a. By definition,

1
7= f[|T"|[* < |IT| = 2vb - a.
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12.5. A multiplication operator on square-integrable functions
Given —0o < a < 0 < b < oo, let T: L*([a,b];C) — L*([a,b];C) be the linear
operator defined by

(Tf)(x) = 2*f(x).

(a) For every f € L?([a,b];C), there holds

2 b 4 2 4 2
I ey = [ @1 @) dr < (e a) £ gy

= ||T|| < max{a?, b*}.

Suppose b > 0. Let 0 < ¢ < b and let f. = 5_%X[b75,b]7 where xp—.p denotes the
characteristic function of the interval [b — ¢, b] C [a, b]. Then,

b
HTfE“iQ([a,b};C) - /bi5 a74|f5(x)|2d9: > (b— 5)4||f8||§,2([a,b};((3)'

Since € > 0 is arbitrary, we obtain || T'|| > b*. Analogously, we can prove ||T|| > a?
under the assumption a < 0. In total, we obtain ||T'|| = max{a?, b*}.

(b) Suppose A € C and f € L*([a, b]; C) satisfy T'f = \f. For almost every z € [a, b],

0=\ =Tf)(z)=(—a*)f(x).

From \ — 2% # 0 for almost all = € [a, b] we conclude f(x) = 0 for almost all = € [a, b].
Hence, f = 0 in L?([a, b]; C) which proves that the operator T has no eigenvalues.

(c) In part (b) we prove that the operator (A — T') is injective for any A € C. If the
operator (A — T') were surjective, there would exist f € L*([a,b]; C) with A\f —Tf = 1.
Then, for almost every z € [a, b],

1
A — 22’

1=M(z) = Tf(z) = (\—2?)f(z) = f(z) =

If0<XeRandif a < —vVXor VA <b, then f ¢ L?([a,b]) in contradiction to
our assumption because of the singularity at x € [a, b] satisfying 22 = X. Therefore,
(A = T) is not surjective for A € [0, max{a? b*}] which shows [0, ||T||] C (7).

If X € C\ [0,[|T]]], then the function f: [a,b] — C with f(z) = 1= is bounded.
Therefore, the map Ry: L*([a,b]; C) — L?*([a,b];C) given by g — ¢f is continuous.
Moreover, by construction (A — T)(gf) = g for any g € L?*([a, b]; C), which proves
(A—=T)"!' = R,. To conclude, o(T) = [0, ||T||].
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