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B. Baire category

Question B.1.

Let f € C°(R) such that the restriction f|; is not constant for every open, non-empty
subset I C R. Prove that f~1({x}) is nowhere dense for every r € R.

Question B.2.

Let (X, ||| x) be a Banach space and let M C X be a subset of second category. Let
(Y,]|-]ly-) be a normed space. Given an index set A, let (Ax)xea C L(X,Y’) such that

Ve e M : sup|Axz|y, < oo.
AEA

Prove that

sup||Ax[p(x,y) < oo
AEA

Question B.3.

Prove or disprove: There are continuous functions f,,: [0,1] — R for n € N, such that

[0,1] x R = |J I'(fa),

neN

where I'(f,,) = {(z, fn(x)) | x € [0,1]} is the graph of f,.

Question B.4.
Prove that in the Banach space C°([0,1]) the C''-functions form a set of first category.
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C. Continuous linear maps and fundamental theorems

Question C.1.

Let (X, |-||x) and (Y, ||-|ly) be Banach spaces an let " € L(X,Y). Prove that the
following statements are equivalent.

(i) Both, T'(X) C Y and ker(T') C X are topologically complemented.
(ii) There exists S € L(Y, X) satisfying the two identities

STS =8,
TST =T.

Question C.2.

Let (X, [|[|x) be a normed vector space and let M C X be a linear subspace with
M = X. Does M have a topological complement?

Question C.3.
Let ¢ = {(zn)nen CR | Ing € NVn > ng: x, = 0} be equipped with the norm

Consider the linear map

F:c.—c
(xn)nGN — (%xn)nGN
(a) Prove that F is bijective and continuous.

(b) Is the inverse F~! continuous? Justify your answer. Why is this result not a
contradiction to the Open Mapping Theorem (Satz 3.2.1)7

Question C.4.

Let X, Y, Z be Banach spaces, G € L(X,Z) and H € L(Y, Z). Assume that for every
x € X there is a unique y € Y with G(z) = H(y). Prove: The function F': X — Y
with F(x) =y, where y € Y with H(y) = G(x), is in L(X,Y).

X L.
PN
A
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Question C.5.
Let (X, ||:[[x) be a normed space. Given x € X, we define the map

Up: R — X
A=Az,
(a) Prove u, € L(R, X) and [Jug|| ;g x) = [|2] x for every z € X.
(b) Prove that the following map is a bijective Isometry.

F: X = LR, X)

T > Uyg.

Question C.6.
Consider the space X = C°([0,1]) with norm [|[| x = |[*[|co(o,1}) and the operator

T:Dr:=CY[0,1)) Cc X =+ X
f=f
(a) Prove that Dy is dense in X and that the graph of T is closed in X x X.

(b) Is T continuous?

Question C.7.

Let (X, ||| x) and (Y, ||-]|y-) be Banach spaces and let Ay, A; € L(X,Y). For t € [0, 1],
let Ay := (1 —t)Ag + tA;. Under the assumption

30>0 Vel VeeX: |aly < CllAwzly,

prove that the statements
(i) Ap is surjective,
(ii) Aj is injective with closed range,

are equivalent by using the following method: Define I := {t € [0, 1] | A; is surjective}
and prove

(a) Both, (i) and (ii) imply I # 0.
(b) I C[0,1] is both open and closed.
Combine (a) and (b) to show I = [0, 1] conclude the claim.
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D. Dual spaces and convexity

Question D.1.

Let (X, []|ly) be a Banach space and let T: X — X* be a linear map. Prove
T € L(X, X*) under the assumption that (Tz)(y) = (T'y)(x) for all z,y € X.

Question D.2.

Let (X, |- ) be a normed vector space. Let M C X and let K¢, K1 C M be extremal
subsets with Ky N Ky # (0. Prove that Ky N K; C M is an extremal subset.

Question D.3.

If M is a set, then ep(M) denotes the set of all extremal points of M. Let A # () be
a set and let B C A be an extremal subset of A. Prove that

ep(B) = BNep(A).

Question D.4.
Find all extremal points in the closed unit ball {z € X | ||z||, <1} in the case of

(a) X =C°0,1]U[2,3]) with norm |||, = Il oo 1up,)):
(b) X = L'([0,1]) with norm ||-[[x = [ s o,u-
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W. Weak topology

Question W.1.
Let (X,|-[x) and (Y,]|-]|y-) be Banach spaces and let T € L(X,Y).

(a) Prove that T is weakly-weakly sequentially continuous which means that for
every sequence (Zy)gen in X with xy Y x as k — oo we have Tz, — Tx as k — 00.

(b) Prove that if X is reflexive, then T'(B;(0)) is closed.

Question W.2.

Let (X, |-[|x) and (Y,]-|[y-) be Banach spaces. Let T': X — Y be a linear map such
that foT € X* for every f € Y* Prove that the graph I' C X x Y of T is weakly
sequentially closed.

Question W.3.

Let (X, |||l ) be a normed vector space and let T' € L(X, X). Prove that ker(7") is
weakly sequentially closed.

Question W .4.

Let (X, ||-||x) be a Banach space. Let (xj)ren be a sequence in X and x € X. Let
(yx)ren be a sequence in X* and y € X*. Under the assumptions that

|z — ||y = 0 and  yy ¥y
as k — oo, prove that lim (yk(:zk)> = y(z).
k—o0
Question W.5.
Let (fx)ken be a sequence in L'([0,1]) such that the limit
1
lim [ fu(t)g() at
0

k—o0

exists for all g € C°(]0, 1]). Prove that there exists a constant C' > 0 such that

1
vge C'0.1): sup| [ fulthglt) dt] < Cllgloogo

keN

Question W.6.
For any n € N let the functional T,: L>((0,00)) — R be defined by

1 o)
T.f = n(/ 2" f(z) dz +/ e " f(x) dx).
0 1
(a) Compute the operator norm ||7,,|| for any n € N.

(b) Determine (if it exists) a functional 7" such that T, YT as n — co.
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S. Spectral theory

Question S.1.

Let (X, ||-||x) be a Banach space over C and let T' € L(X, X)) such that T o T =T
Determine the spectrum o (7).

Question S.2.

(a) Consider the operator
T: 0% — (*
(Ozl, a9, 3, .. ) — (Oég, s, 0y, . . )
Prove that o(T) = {A € C| |A\| < 1}.
(b) Consider the operator
S 02— (2
(041,042,(1/3...) — (oz1+a2—|—a3, Q{2+O[3+Oé4, @3+Oé4+0557...).

Determine the spectrum o(S) using (a).

Question S.3.
Given f € X := CY([0,1],C) we define the map
My X - X
g fg
(a) Prove that My has spectrum o(My) = f([0,1]).
(b) Prove that M; has point spectrum o,(M;) = {\ € C | (f*({\}))° # 0}.

(c) Prove that the eigenspace of every eigenvalue of My is infinite-dimensional.

Question S.4.
Let g € L*(R) and consider the operator T': L*(R) — L?*(R) defined by T'f = fg.

(a) Compute the norm of 7T'.
(b) Compute the real spectrum og(7") of T
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H. Miscellaneous questions on Hilbert spaces

Question H.1.

Let (H,(-,-)g) be a separable Hilbert space and let (ex)reny be an Hilbertean basis.
Let z,y € H. Give a complete proof of the identity

(.9) = > (@ en) (9. ex)

k=1

Question H.2.
Let (H,(-,-)n) be a real Hilbert space. Let Y C H be a closed subspace and let
v H=Y oY =Y

z =zl + 2t ol
be the orthogonal projection onto Y.

(a) Is my symmetric?

(b) Is my self-adjoint?

Question H.3.

Let (H, (-,-)m) be a Hilbert space and let (z,,)nen be a sequence such that ||z,||,; =1
for all n € N. Prove that weak convergence z,, — ¥y to an element y € H with norm
|yl = 1 implies norm convergence ||z, — y||z — 0 as n — oo.

Question H.4.
Consider the Hilbert space X := (£2, (+,-);2). Let e :== (0,...,0,1,0,...) € X, where
the 1 is at k-th position. Is the set

s 1
K:{azzakaGX Vk‘GN|CLk|§k}
=1

(a) convex?

(b) weakly sequentially compact, i.e. does every sequence in K have a subsequence
which converges weakly in K7

(c) compact?
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Question H.5.
Let (H, (-,-)n) be a real Hilbert space. Given 1 < p < 0o, let F': H — R be defined
by F(u) = Jlull%.
(a) Prove that for every v € H the supremum
G(v) = sup((u, ) = F(uw))

ueH

is attained at some u = u(v) € H.

(b) Find an equation for u = u(v) and determine G(v).
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