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Exercise 1.1 Let (Ω,A, P ) =
(
(0, 1),R, µ

)
, where µ is the Lebesgue measure over (0, 1)

and R the Borel σ-algebra on (0, 1). Find the distribution function of the random variable

X(ω) := 1
λ

log 1
1− ω

where λ is a given positive parameter.

Exercise 1.2 Let Z := (Ai)i∈I be a countable decomposition of a set Ω 6= ∅ in “atoms”
Ai, that is Ω =

⋃
i∈I Ai, where Ai ∩Ak = ∅ for i 6= k, and I countable.

(a) Show that the σ-algebra generated by Z is of the form

σ(Z) =


⋃
i∈J

Ai

∣∣∣∣∣∣ J ⊆ I
 .

Hint: Recall the definition of σ(Z).

(b) Show that the family of σ(Z)-measurable random variables is exactly the family of
functions on Ω that are constant on “atoms” (that is, all functions f such that for
each i, f is constant on Ai).

Exercise 1.3 Let (Ω,A, P ) be a probability space and (An)n∈N a sequence of sets from A.
We define

Ā := lim sup
n→∞

An :=
⋂

n∈N

⋃
k≥n

Ak , A := lim inf
n→∞

An :=
⋃

n∈N

⋂
k≥n

Ak.

Let 1B denote the indicator function of B ∈ A.

(a) Show that 1Ā = lim sup
n→∞

1An and that 1A = lim inf
n→∞

1An .

(b) Show that P [A] ≤ lim inf
n→∞

P [An] and that P [Ā] ≥ lim sup
n→∞

P [An].
Hint: Use a lemma from Section 1.2 in the lecture notes.

Exercise 1.4 Let Ω be a non-empty set and let X : Ω → R and Y : Ω → R be two
functions. The σ-algebra on Ω generated by X is defined by σ(X) :=

{
X−1(B) | B ∈ R

}
,
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where R denotes the Borel σ-algebra on R. In this exercise we will show that:
Claim: Y is σ(X)-R-measurable ⇐⇒ there exists an R-R-measurable function f : R→ R,
such that Y = f ◦X.
Hint: For (b)–(e), cf. the proof of (1.2.16) in the lecture notes.

(a) Show the ⇐= direction.

(b) Show the =⇒ direction for any Y of the form Y = 1A , where A ∈ σ(X).

(c) Show the =⇒ direction for any Y that is a linear combination of indicator functions,
i.e. for Y of the form Y =

∑n
i=1 ci1Ai , where n ∈ N, c1, . . . , cn ∈ R and A1, . . . , An ∈

σ(X).

(d) Show the =⇒ direction for any Y such that Y ≥ 0.

(e) Complete the proof of the claim (i.e. show the =⇒ direction for an arbitrary Y ).
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