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Exercise 11.1 Let (Xn)n≥0 be a uniformly integrable family of random variables on
(Ω,A, P ).

(a) Assume that Xn converges to a random variable X in distribution. Show that

E[Xn] n→∞−−−→ E[X].

Remark: Compare to (3.6.18)–(3.6.20), p. 112 of the lecture notes.

(b) Assume that Xn converges to a random variable X in probability. Show that X ∈ L1

and that Xn converges to X in L1.

Exercise 11.2 Let Xn, n ≥ 0, be a uniformly integrable submartingale and N a stopping
time.

(a) Show that supn E[X+
N∧n] ≤ supn E[X+

n ] <∞.

(b) Show that XN (where XN 1{N=∞} = 1{N=∞} limn Xn) is integrable.

(c) Show that XN∧n, n ≥ 0, is a uniformly integrable submartingale.

Exercise 11.3 Let (Yn)n∈N be a sequence of independent, non-negative random variables
with expectation 1. Consider the natural filtration (Fn)n≥0. We define

M0 = 1, Mn = Y1Y2 · · ·Yn, for n ∈ N.

(a) Prove that (Mn)n∈N0 is a non-negative martingale with respect to the filtration
(Fn)n≥0 and there exists a random variable M∞, so that Mn →M∞ a.s.

Let an := E[
√

Yn].

(b) Show that an ∈ (0, 1].

(c) Show that if
∏

n an > 0, it holds that Mn →M∞ in L1 and E[M∞] = 1.

(d) Show that if
∏

n an = 0, then M∞ = 0 a.s.
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