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Let (2, F, (Pr)zer) be a canonical (time-homogenous) Markov chain with a countable
state space E, a transition kernel K, and canonical coordinates (X, )n>0. The matrix

Q= (Qx,9)zyer = (K(2,{y}))zyer = (Pe[X1 = Y]z yer

is then called the transition matriz of the Markov chain.

Exercise 12.1 Let E be a countable set, (5,S) a measurable space, (Y,,)n>1 a sequence
of i.i.d. S-valued random variables. We define a sequence (X, )n>0 through Xo =2z € E
and X, 11 = ®(X,,,Y,41), where ® : E x S — E is a measurable map. Show that (X,,)n>0
induces a time-homogenous Markov chain and calculate the corresponding transition
matrix.

Exercise 12.2 Let (X,,),>0 be a sequence of random variables with values in [0, 1]. We
set F, = 0(Xo,...,Xn). Suppose that Xo = a € [0, 1] and

14+ X,
2

P an+1 - )g"‘fn] =1-X, P [Xnﬂ = ‘]—'n] = X,,.

(a) Show that (X,),>0 is a Fp-martingale that converge to a random variable X
P-almost surely and in L?.

(b) Show that B [(Xn1 — Xn)?| = 1B [Xa(1 - X,,)].

Exercise 12.3 Let (F,)n>0 be a filtration, and let (M,),>0 be a non-negative (F,)-
martingale such that M, 11 < CM, for all n. Let a > 0 and set T := inf{n > 0| M,, > a}.
Show that

(a) There exists some random variable My, such that M, — M., P-a.s.

(b) B [Myljpreny| < CaP0 < T <nl.

(C) E [Mnl{supogksn Mk>a}} <FE [MO]-{M0>a}} + CaP [SUPogkgn My, > a]~

(d) E[M,log™ M,] < E[Mylog® My] + CE {supogkgn Mk], where log® z := (logz) Vv 0.
Hint: Modify the expression from c¢) and integrate.
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(e) If E [sup,eny My] < +00 and Mglogt My € LY, then

i) sup,>q E[M,log™ M,] < +oc.
ii) My logt My, € L.
iii) M, — My not only P-a.s. but also in L.

Submission deadline: 13:15, Dec 19.

Location: During exercise class or in the tray outside of HG E 65.
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2/ 2



