D-MATH Algebraic Geometry II HS 2017
Prof. Richard Pink .
Solutions 8

SHEAVES OF DIFFERENTIALS, CANONICAL SHEAF, SMOOTHNESS

Let k be a field. Recall that a variety over k is a reduced scheme X of finite type
over k. We say that X is nonsingular if it is regular at every point.

1. Let X be a noetherian scheme, and let F be a coherent sheaf on X. Show that any
point z € X, such that F, is a free Ox ,-module, possesses an open neighborhood
U C X such that F|y is free. Deduce that F is locally free if and only if F, is a
free Ox ,-module for all closed points z € X.

Solution: For the first statement, we may assume without loss of generality that
X = Spec R is affine and that F = M for some finitely generated R-module M.
Write x = p € Spec R. By assumption, there is an isomorphism ¢,: Ry = M.
Localizing if necessary, this extends to a homomorphism ¢: R®™ — M. Then
ker ¢ and coker ¢ are finitely generated R-modules with (ker ¢), = (coker ), = 0.
Choose finitely many generators n; and for each ¢ choose u; € R ~ p such that
2 = (). Since p is a prime ideal, the product u of these u; then again lies in R\ p
and satisfies % = ( for all . Thus (ker ¢), = (cokery), = 0, and by exactness
of localization ¢ induces an isomorphism R" = M,. Thus Spec R, is an open

neighborhood with the desired property.
Since X is noetherian, every point in X specializes to a closed point. See [Stacks,

Tag 010U, Lemma 27.5.9]. Let y € X and let x € X be a closed point with
r € {y}, then F, = F, ®o,, Ox,. Thus the first statement implies the second.

2. (a) Let Yj and Y; be schemes over X and let Y := Y] x x Y5. Construct a natural
isomorphism
Qyys = prify,/x @ prafly,/x.

(b) If Y} and Y5 are nonsingular varieties over a perfect field k, construct a natural
isomorphism
Wy = Priwy, /i @ Prowy, k.

Solution: (a) By the base change property for differentials we have Qy /)y, =
pr5€ly, /x. Combining this with the exact sequence associated to the composition
Y — Y: — X we obtain an exact sequence

priQy, /x > Qy/x — pryfly, x —0.

We obtain a similar exact sequence by symmetry. In particular, we have a surjec-

tive morphism j: {2y, x — pri{ly, ,x. We claim that joi = idprfgyl x- 16 suffices to
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prove this when X and Y; for ¢ = 1,2 are affine, in which case the desired result
follows easily from writing the relevant maps explicitly.

(b) Let n := dimY and n; := dimY; for i = 1,2. Since all sheaves involved are
locally free, the same proof as in linear algebra yields the identity

n

p q
A PriQyx @ priy,x) = P (\privyx ® /\ prsQy, x).-

pt+q=n

Since (ly,/x is locally free of rank n; for i = 1,2, the only non-trivial term on the
right-hand side is

ni n2
/\prTQYﬂX ® /\ pI‘;QY2/X = prtil/k ® pr;wY2/k3'

We thus obtain the desired result by applying A" to both sides of the isomorphism
from part (a).

. Let X be a nonsingular variety over an algebraically closed field k. We call Ty :=
Homo, (Qx/k, Ox) the (relative) tangent sheaf of X (over k). A global section of
Tx is called a tangent field on X.

(a) Show that T is locally free. What is its rank?
(b) Describe Tpn by an explicit short exact sequence.
(c) Does P} possess a nowhere vanishing tangent field?

*(d) Does P} possess a nowhere vanishing tangent field for arbitrary n?
Solution: (a) Since Qx/; is locally free of rank n := dim X and Tx = Q}/(/k, it
follows directly that 7Tx is locally free of rank n as well.

(b) Recall that there is a short exact sequence
0 = Qppje = Opp(—1)""" = Opn — 0.
On applying the left exact functor Fome, (—, Ox) we obtain a sequence
0= Oppr — Opn (1) = Tpn — 0

which is exact except possibly on the right. But from commutative algebra we
know that any short exact sequence of modules 0 — M — M"” — M’ — 0 over a
ring A splits if M’ is a free A-module. Moreover, the functor Hom4(—, A) preserves
split exact sequences. Applying this to any open affine Spec A C P} we deduce
that the sequence is also right exact.

(c) In this case we have Qp1 . = wpi )y, = Op1 (—2). It follows that Tpp = Op:1 (2).
A tangent field thus corresponds to a homogeneous polynomial of degree 2 on IP;.

Since any such polynomial has a zero in P}, it follows that every tangent field on
P, must vanish somewhere.



*4. Let i: Y — X be a closed immersion of codimension 1 of a nonsingular variety X
over an algebraically closed field k, whose ideal sheaf J can be locally generated
by one element at every point. We define the canonical sheaf of such Y as

W)O//k = Z*WX/k: X Z*(j/j2>v

(a) Prove that wy , is an invertible sheaf.
(b) Verify that w§,, = wyyy if Y is nonsingular.

(c) Determine Qy; and wy, , for the nodal curve Y = V(C(C' — B)A— B?) C P}
and explain the difference.

Solution: (a) Since X is nonsingular, its local rings are regular and hence integral.
Thus J is locally generated by one element in an integral domain and so locally
free of rank 1, in other words, an invertible sheaf on X. Thus i*(J/J?) is an
invertible sheaf on Y. Since wy/; is invertible and tensor products, pullbacks and
duals of invertible sheaves are also invertible, the result follows.

(b) Tensoring both sides of the natural isomorphism *wx/, = wy, ® i*(J/T?)
from the course by i*(7/J?)" yields an isomorphism

wy 2 itwxp @ (T T?)Y = wy

as desired.

(c) In this case wpz = Op2(—3) = J because the curve has degree 3. Therefore
wyy, = Oy Also Y is non-singular except at the point y := (1 : 0 : 0); so by (b)
the sheaf wy, , is naturally isomorphic to wy/, = Qyx over Y \ {y}.

To determine {dy/;, near y we look at the affine chart Dy C PZ. Using the coor-
dinates b := £ and ¢ := € we have Y N Dy = Spec R for R := kb, c]/(f) with
the polynomial f(b,c) := c¢(c—b) —b®. The second exact sequence for differentials

yields the presentation

(j/jg)(YﬂDA> (i*QX/k)<YﬂDA) Qy/k(YﬂDA)ﬁ-O
||
R-|f] d R-dbe”aR-dc Qﬂ/k 0.
fl————1df] = (3] - db+ (8] - de

To read off the structure of {2p/;, observe that the homomorphism
7 R-db® R-dc — R, g-db—l—h-dm—)g-[g—ﬁ]—h-[%]

is zero on the image of d. Also the polynomials g—{ = —c — 30 and % =2c—0»

and f together generate the maximal ideal (b,c) C k[b,c]. Thus the image of 7
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is the maximal ideal m := (b,¢)/(f) of R. Another little computation shows that
ker 7 = im(d); hence 7 induces an isomorphism Qg — m. In particular we see
that Qy/x is not locally free at y. (Note: It is easy to see that d is injective here,
but that does not matter for the stated question.)

To describe {ly/;, globally and to compare it with Wy ks observe that the above
formula for m appears canonically in the natural pairing

(R-db& R-dc) x R [f] R-db A de,

(w, [f[l)———————w A [df] = 7(w) - db A dec.

This in turn arises by taking sections over Y N D4 from the natural pairing
g X 8T T 0y = ey

(w, [g]) w A [dg].

As the latter induces the isomorphism wy/;, = w?,/k outside y, by this pairing we

can identify Wy naturally with the free module of rank 1 with basis dfgfﬁlc over
Y N Dy. The above calculation for 7 then yields an isomorphism between €y

and m - dl[’é}ilc over Y N D 4. Together this yields a natural isomorphism

Qv = M-wy), = MO Wy,

where 91 C Oy is the ideal sheaf of the singular point y. Since Wy = Oy/i, we
deduce that €y, = M.

To summarize, Wy g and y/;, are isomorphic where Y is regular, but it was clear
in advance that they cannot be isomorphic at the singular point y, because the
former is an invertible sheaf by (a), but the latter is not locally free there because
of the isomorphism Qy/; ®o, 4, k(y) = m/m?. (We will see later that wy;, really
does play the same important role that is played by wy/; in the regular case.)

. (Smooth Morphisms and the Jacobian Criterion) Let f: X — Y be a morphism
of schemes and d > 0 an integer. We say that f is smooth of relative dimension d
at © € X, if there exist affine open neighborhoods U of x and V' = Spec R of f(z)
such that f(U) C V, and an open immersion

j: U— SpeCR[Tl,...,Tn]/(fl,...,fn_d)

of R-schemes for suitable n and f;, such that the Jacobian matrix

afi
Jflv-'wfnfd(x) = <8ij(x)>ij S Mn—dxn(ﬁ('r»
has rank n — d. We call f smooth if it is smooth at all points z € X. Show:
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(a) Smoothness is local on the source and the target.
(b) Smoothness is invariant under base change.

(c) Smoothness is invariant under composition.
(d)

d
(e) The set of points of X at which f is smooth is open.

Every open immersion is smooth of relative dimension 0.

Solution: (a), (b) and (d) are clear from the definition.

(c) Suppose that f: X — Y is smooth of relative dimension d at x € X and
g: Y — Z is smooth of relative dimension e at f(x) € Y. Then there are affine
open neighborhoods U of x and f(U) C V = Spec A of f(z) and g(V) C W =
Spec B with open immersions

ji U — SpeCA[Sl,...,Sn]/(fl,...,fn_d)

and
k:V < Spec B[Ty,....,Tnl/(g1, -\ Gm—e)-

Let F = (f1,..., fa—a) C A[S] and G = (¢1,...9m-e) C B[L] and let C :=
B[T]/G. Since k is an open immersion, there is a standard affine open neighbor-
hood of f(z) of the form SpecC), C V. Note that C, = C[T]/(hT — 1). Letting

-----

agm-l—l—e
h =———%#0.
(@) = Pmiie
By replacing V' with Spec C}, and U with an affine open neighborhood of x con-
tained in f~!(Spec C},), we may thus assume that & is an isomorphism. But then
the composition

U < Spec A[S]/F = Spec C[S]/F = Spec B[T,S]/F + G

is an open immersion. The corresponding Jacobian is a block matrix of the form

(ng ----- Im—e (:L') * )
0 titna@))”

which has rank n+m— (d+e¢). It follows that go f is smooth of relative dimension
d + e at x. This also implies that if f and g are smooth morphisms, then g o f is
smooth.

(e) The rank condition in the definition of smoothness can be phrased by saying
that there exists an r x r minor of the Jacobian matrix which does not vanish at
x. If such a minor does not vanish at z, it also does not vanish in a neighborhood
of x. This means that if f is smooth of relative dimension d at z, then it is also
smooth of relative dimension d in a neighborhood of x; hence the set of points of
X at which f is smooth is open.



6. Let X be a scheme of finite type over k, where k is perfect. We call X smooth over
k if the structure morphism X — Spec k is smooth. Assume that X is irreducible,
and show that X is smooth over k if and only if Q% Jp; 18 locally free of rank dim X.

Solution: We separate the proof into steps:

(1) As a preparation consider an ideal I := (f1,..., fm) C k[X1,... X,] and let
R := k[X]/I. The second exact sequence for the surjection k[X] — R reads

d
]/[2 — R®k[§] Qk[g]/k — QR/k — 0.

Here the term in the middle is a free R-module with basis dXy,...,dX,. Also

I/I? is generated by the residue classes of fi,..., fm, and for each ¢ we have
dfi = >, i if;dX ;. Thus we find an exact sequence
() R™L5R" — Qpjp — 0

with the jacobian matrix J := Jy ¢ = (%)”
J P

(2) Now suppose that X is smooth of relative dimension d over k. Then for any
closed point x € X there exist an open affine neighborhood U of  and an open
immersion j: U < Spec R for

R:=k[Th,....T.]/(f1, -, fu-d),

such that Jy, ;. (z)is an n x (n—d)-matrix of rank n — d at x. After possibly
permuting Xi,..., X, we may assume that the submatrix (%)Z‘;ﬁl
at . Let m C R be the maximal ideal associated to x. Then the composite
homomorphism R~ EA R? 5 R4 where m denotes the projection to the first
n — d variables, is an isomorphism. The inclusion R% < Ry, y — (0,y) thus

induces an isomorphism

is invertible

d ~ . pn—d n (;)
Ry — coker(J: Ry — R) = Qpjp Op Ru.

Since x was an arbitrary closed point, by exercise 1 it follows that {1x/, is locally
free of rank d.

(3) In the situation of (2) we claim that d = dim X, so that a scheme which
is “smooth of relative dimension d over k” is actually of dimension d. To show
this consider any closed point z € X, corresponding to the maximal ideal m C R.
Then the residue field k(z) = R/m is a finite extension of k. Since k is per-
fect, this extension is separable. By the course we therefore have a natural
isomorphism Qg ®p k(z) = m/m?  Since Qg is locally free of rank d, it
follows that dimy,) m/m? = d. Thus dimOx, < d. On the other hand the
ideal of X is generated by n — d elements, so by the Krull dimension theorem
we have codimXCAZ < n —d and hence dim X > d. Together it follows that

dim X = dim OX7I = dimk(x) m/m2 =d.
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(4) Conversely suppose that §2x/, is locally free of rank d := dim(X). Since
smoothness is local, we may assume that X = Spec R with R = k[X4,...,X,,]/]
and I = (f1,... fm). Let x € X be a closed point corresponding to a maximal
ideal m C R. Then the exact sequence (x) implies that Jy, s (x) has rank n —d.
Choose n—d of the f; corresponding to an invertible (n —d) x (n —d) minor. After
a possible permutation we may assume that these are fi,..., f,—q. Let X' C A}
be the closed subscheme defined by the ideal (f1,... fn_q). By the same argument
as in (c¢) we have dim Oy, = dimy(,) m’'/m”? = d, where m’ is the maximal ideal
of Oxs ;. Thus Ox , is a regular local ring. In particular it is an integral domain.
As it surjects to Ox ,, which by assumption has the same Krull dimension d, the
surjection must be an isomorphism. It follows that the embedding X < X’ is an
isomorphism at z and hence over a whole neighborhood of x. By construction X’
is smooth of relative dimension d over k at x; hence so is X. Since x € X was an
arbitrary closed point and the set of closed points of X is dense and smoothness
is an open condition, we conclude that f is smooth.

(5) Remark: The same statement also holds if k is not perfect. The main point is
to show that in either case the set of closed points of X whose residue fields are
separable extensions of k is Zariski dense.

For this see https://stacks.math.columbia.edu/tag/056U.



