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Exercise 5

Problem 5.1 Real variable approach
LetX , Y be two Banach spaces. LetA0 ∈ L(X, Y ′) be bounded and bijective andAj ∈ L(X, Y ′)
bounded for all j ∈ N. Set A(y) = A0 +

∑
j∈N yjAj and assume with Bj := A−10 Aj and βj :=∥∥A−10 Aj

∥∥
L(X,X)

that ‖(βj)j∈N‖`1 < 1. as well as ‖(βj)j∈N‖`p <∞ for some fixed p ∈ (0, 1).

(5.1a) Let k ∈ N and assume that q : [−1, 1] → X is differentiable. Show that for B ∈
L(X, Y ′) bounded

dk

dyk
(yBq(y)) = yBq(k)(y) + kBq(k−1)(y). (5.1.1)

(5.1b) Let f : U := [−1, 1]N → Y ′. Show that for every y ∈ U there exists a unique q(y) ∈ X
with A(y)q(y) = f(y).

(5.1c) With the notation ∂νy = ∂|ν|

∂y
ν1
1 ∂y

ν2
2 ...

assume that
∥∥(∂νyf)(0)∥∥Y ′ ≤ Cf |ν|!βνf , where βf =

(βf ;j)j∈N ∈ `p. Show that there exists a sequence γ = (γj)j∈N ∈ `p and a constant C < ∞ such
that ∥∥(∂νyq)(0)∥∥X ≤ C|ν|!γν (5.1.2)

for all ν ∈ F , where

F =

{
ν ∈ NN

0

∣∣∣∣∣∑
j

νj <∞

}
(5.1.3)

denotes the set of all finitely supported multiindices.

HINT: Proceed as in the proof of Thm. 2.26 of the lecture notes.

Problem 5.2 Complex variable approach
For ρ > 0 denote Bρ(z) := {x ∈ C | |x| ≤ ρ} and let X be a complex Banach space. In the
following, if we say that a mapping is holomorphic on Bρ(z), we mean that it is holomorphic on
some open superset of Bρ(z)

1.

1by which we mean complex Fréchet differentiable at every ζ in this superset, i.e. for some q′(ζ) ∈ L(C, X)
it holds |q(ζ + h) − q(ζ) − q′(z)(h)| = o(|h|) as h → 0 for h ∈ C. In this situation it is common to identify
q′(ζ) ∈ L(C, X) with q′(ζ)(1) ∈ X , thus we also write q′(ζ) ∈ X .
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(5.2a) Show the Cauchy integral formula in Banach spaces: If q : Bρ(z)→ X is holomorphic,
then

q(z) =
1

2πi

∫
∂Bρ

q(ζ)

ζ − z
dζ. (5.2.1)

HINT: Use the Cauchy integral formula for functions mapping from Bρ(z) → C, the fact that
x = y ∈ X if and only if f(x) = f(y) for all f ∈ X ′, and the fact that f(

∫
∂Bρ(z)

q(z) dz) =∫
∂Bρ(z)

f(q(z)) dz (assume these statements as given, there’s no need to prove them).

(5.2b) Let q : Bρ → X be a holomorphic function with supζ∈Bρ‖q(ζ)‖X ≤ C <∞. Show that
for every k ∈ N ∥∥∥∥ dkdzk q(z)∣∣∣z=0

∥∥∥∥
X

≤ C
k!

ρk
. (5.2.2)

HINT: Use the Cauchy integral formula.

(5.2c) Let k ∈ N and let q : Bρ1(z1)× · · · ×Bρk(zk)→ X holomorphic in all k variables such
that supζj∈Bρj (zj) ∀j‖q(ζ1, . . . , ζk)‖X = C <∞, where ρj > 0 for all j = 1, . . . , k. Prove that for
ν ∈ Nk

0 it holds ∥∥∥(∂νz q)(z)∣∣∣
z=0

∥∥∥
X
≤ C

ν!

ρν
. (5.2.3)

(5.2d) Let q : [−1, 1]N satisfy the following: For some fixed p ∈ (0, 1) there exists a sequence
(bj)j∈N ∈ `p and ε > 0 such that

i) For every sequence ρ = (ρj)j∈N ∈ (1,∞)N of numbers satisfying∑
j∈N

(ρj − 1)bj < ε, (5.2.4)

the map q allows an extension q̃ : Bρ := Bρ1(0)× Bρ2(0)× · · · → X that is holomorphic
as a function of each variable.

ii) There exists B0 <∞ such that for every extension q̃ in i) it holds supz∈Bρ
‖q̃(z)‖X ≤ B0.

Show that there exists a constant C <∞ and a sequence γ = (γj)j∈N ∈ `p with ‖γ‖`∞ < 1 such
that for all ν ∈ F

‖(∂νz q)(0)‖X ≤ C|ν|!γν . (5.2.5)

HINT: Proceed as in the proof of Thm. 2.36 of the lecture notes. Choose ρ in subproblem (5.2c)
depending on ν.

Problem 5.3 Affine parametric problem with complex approach
Assuming f in (5.1c) to be independent of y, prove the statement of (5.1c) using (5.2d).
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