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Exercise 6

Problem 6.1 Analyticity on Ellipse
(6.1a) If

Qn(z) =
1

2

∫ 1

−1

Pn(t)

z − t
dt, n ∈ N0,

and w = 1
2
(z + z−1), then

Qn(w) =
∞∑

k=n+1

σnk
zk
,

where
|σnk| ≤ π, n ∈ N0, k = n+ 1, n+ 2, . . . .

HINT: Use σnk =
∫ π

0
Pn(cos(θ)) sin(kθ)dθ.

(6.1b) Let f(z) be analytic in the interior of Eρ, ρ > 1, but not analytic in the interior of any Eρ̃,
ρ̃ > ρ > 1. Suppose that

f(z) =
∞∑
n=0

anPn(z)

with

an =
2n+ 1

2

∫ 1

−1

f(x)Pn(x)dx.

Show that
lim supn→∞|an|1/n ≤

1

ρ
.

Problem 6.2 Gevrey functions
We say that g ∈ C∞([−1, 1]) is Gevrey regular of index s ≥ 1 in (−1, 1) if there exists a constant
Cg > 0 such that

∀k ∈ N0 : ‖f (k)‖L∞(−1,1) ≤ Ck+1
g (k!)s.

The set of all functions which are Gevrey regular of index s ≥ 1 is denoted by Gs(−1, 1).

(6.2a) Show that all g ∈ G1(−1, 1) are analytic on [−1, 1].

HINT: Cover [−1, 1] with finitely many balls of radius 0 < r < C−1
g and consider in each ball a

Taylor series of g in their center.
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(6.2b) Show that all g ∈ G1(−1, 1) are analytic on Eρ ⊂ C for some ρ > 0. Which is the largest
ρ > 0 such that you can verify this property?

(6.2c) Consider

f(x) :=

{
exp(−x−1) if x > 0,

0 if x ≤ 0.

Show that f ∈ G3(−1, 1).

HINT: Use the Faa di Bruno Formula in the form:

(f ◦ g)(n)(x) =
∑
π∈Π

f (|π|)(g(x))
∏
B∈π

g|B|(x), (6.2.1)

where Π denotes the set of all 2n partitions of {1, . . . , n}.

REMARK: In fact it holds f ∈ G2(−1, 1), prove it if you can.

(6.2d) Show that f is not analytic at x = 0.
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