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Exercise 1.1 Let Xi be independent Bernoulli random variables with P pXi “ `1q “ 1`αi

2 and
P pXi “ ´1q “ 1´αi

2 , and 0 ă αi ă 1, i P N.

(a) Let αi “ 2{3 and consider a one-period model with a countable number of assets whose prices
are given by Si0 “ 1, Si1 “ 1`Xi, i P N. Does there exist a probability measure Q equivalent
to P such that EQrSi1s “ Si0 for every i P N?

(b) Consider an infinite horizon model with one stock S “ pSnqnPN whose price is given by S0 “ 1,
Sn “ Sn´1 `Xn, n P N. Show that there exists a probability measure Q equivalent to P
such that EQrSn`1 | Fns “ Sn for every n P N if and only if

ř8

n“1 α
2
n ă 8.

Exercise 1.2 Let pΩ,F , P q be a probability space and F “ pFtqtPI be a filtration on Ω. If X is a
real-valued F-adapted process and B is a Borel subset of R, then

inftt P I : Xt P Bu

is called the hitting time of X on B.

(a) Let I “ N. Show every stopping time is a hitting time, and every hitting time is a stopping
time.

(b) Let I “ R`. Show every stopping time is a hitting time. Assume that the filtration is the
natural filtration of a càdlàg X and give an example of a hitting time of X that is not a
stopping time.

Exercise 1.3 (Python) Let B be a Brownian motion and τ “ inftt P R` : Bt “ 1u.

(a) Plot the distribution of B1 and compute the mean ErB1s.

(b) Plot the distribution of Bτ and compute the mean ErBτ s.
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