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Exercise 9.1 Let L be a Lévy process. Show that

(a) The process exppLq is a martingale, if it is a sigma-martingale.

(b) The process L is a martingale, if it is a sigma-martingale.

Exercise 9.2 Let w P C2pr0,8sq. Assume that the law of ST admits a density and show that

ErwpST qs “ wpS0q `

ż S0

0
w2pKqP pKqdK `

ż 8

S0

w2pKqCpKqdK,

where S0 “ ErST s, CpKq “ ErpST ´Kq
`s and P pKq “ ErpK ´ ST q

`s.

Exercise 9.3 Let
Vt “ ess suptďτďT ErUτ | Fts, t P r0, T s, (1)

with V0 ă 8 and U càdlàg with Ersup0ďtďT |Ut|
ps ă 8 for some p ą 1. Show that

V0 “ inf
MPH1

0

Er sup
0ďtďT

pUt ´Mtqs, (2)

where H1
0 :“ tM P H1 : M0 “ 0u.

Exercise 9.4 (Python) Assume Black-Scholes dynamics for S, say S0 “ 100 and pr, µ, σ, T q “
p0.06, 0.0, 0.4, 0.5q, and that U in (1) represents the discounted exercise value for the put option on
S with the strike price K “ 100. Compute an upper bound for V0 by choosing M in (2) to be the
(centered) value process of the corresponding European put option on S with the strike price K
and the maturity T .
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