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Remark that, for pXnq Ă S and X P S, we have

dEpX
n, Xq Ñ 0

if and only if
pHn ‚ pXn ´Xqq

u.c.p.
Ñ 0 for any pHnq Ă S1.

Solution 5.1

(a) Let X, Y P S. We have dEpX ` Y, 0q ď dEpX, 0q ` dEpY, 0q so that addition is jointly
continuous and dEpcX, 0q ď dEpX, 0q for real |c| ď 1; to show that scalar multiplication is
jointly continuous we must show that dpcnX, 0q Ñ 0 for a sequence of real numbers |cn| ď 1
with cn Ñ 0. This follows from the fact that X is a good integrator as

cn Ñ 0 ùñ cnHn u.c.p.
Ñ 0 ùñ ppcnHnq ‚Xq

u.c.p.
Ñ 0

for any pHnq Ă S1.

(b) The metric dE is stronger than the metric d of the u.c.p. topology. By the completeness of d
for D, a Cauchy sequence pXnq in the metric dE converges to a càdlàg process X. It suffices
to show that the limit is a semimartingale (a good integrator). We have

P p|pH ‚Xqt| ą Kq ď P p|pH ‚ pX ´Xnqqt| ą Kq ` P p|pH ‚Xqt| ą Kq

ď
1
K

dEpX, Xnq ` P p|pH ‚Xnqt| ą Kq.

Since each Xn is a good integrator, the image of S1 under H ÞÑ pH ‚Xnqt is bounded in
probability. Consequently, the image of S1 under H ÞÑ pH ‚Xqt is bounded in probability,
i.e., X is a good integrator.

Solution 5.2 Let P „ Q. Due to the equivalence, for any n P N, for every ε ą 0, we may find
C ą 0 such that

EP r1^ |Y |s ď EP r|Y |s ď
1
2n

ùñ EQ

„

1^ |Y |
C



ď ε. (1)

Given a Cauchy sequence pXnq in the Emery topology of pΩ,F , P q, we find, for some 2L ą C, that

sup
HPS1

EP r1^ 2L sup
sďt

|pH ‚ pXn ´Xmqs|s ď
1

2N
for m, n ě N ` L,

so, from (1), we get

sup
HPS1

EQr1^ sup
sďt

|pH ‚ pXn ´Xmqs|s ď ε for m, n ě N ` L,

i.e., pXnq is Cauchy in the Emery topology of pΩ,F , Qq.

Solution 5.3 Let pY nq Ă L such that Y n u.c.p.
Ñ 0 and pHnq Ă S1. Then HnY n u.c.p.

Ñ 0 and
consequently

pHn ‚ pY n ‚Xqq “ ppHnY nq ‚Xq
u.c.p.
Ñ 0,
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i.e., pY n ‚Xq Ñ 0 in the Emery topology.

Solution 5.4

1 import numpy
2 from pylab import hist, show
3 from matplotlib.pyplot import subplot
4

5 from brownian import brownian
6

7

8 #Function computes the forward integral of rows of a mxN´matrix w.r.t. another.

9 def integral(x,y,m,N,out=None):
10

11 if out is None:
12 out = numpy.empty(x.shape)

13

14 for i in range(m):
15 for j in range(N):
16 out[i,j+1]=out[i,j]+x[i,j]∗(y[i,j+1]´y[i,j])
17

18 return out
19

20

21 def main():
22

23 # The Wiener process parameter.

24 delta = 1

25 # Total time.

26 T = 1.0

27 # Number of steps.

28 N = 1000

29 # Time step size

30 dt = T/N

31 # Number of realizations to generate.

32 m = 5000

33 # Create empty arrays to store the realizations and integrals.

34 x = numpy.empty((m,N+1))

35 y = numpy.empty((m,N+1))

36 z = numpy.empty((m,N+1))

37 w = numpy.empty((m,N+1))

38 # Initial values of x,y,z,w.

39 x[:, 0] = 0

40 y[:, 0] = 0

41 z[:, 0] = 0

42 w[:, 0] = 0

43

44 # Simulate the paths

45 brownian(x[:,0], N, dt, delta, out=x[:,1:])

46 brownian(y[:,0], N, dt, delta, out=y[:,1:])

47

48 # Compute the integrals

49 integral(x,y,m,N,out=z)
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50 integral(y,z,m,N,out=w)

51

52 # Plot the terminal distribution

53 hist(0.5∗(z[:,N]́ w[:,N]),normed=True,bins=’auto’)
54 show()

55

56 if __name__ == "__main__":
57 main()

Updated: October 24, 2017 3 / 3


