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Solution 9.1 Remark, for a process X with independent increments, the following are equivalent:

(i) X is locally integrable,

(ii) X is integrable,

(iii)
ş

r0,tsˆRd 1t||x||ě1u|x|dνpt, xq ă 8 for every t ě 0,

where ν is the jump measure for X.

(a) A non-negative sigma-martingale exppLq is a local martingale, and since it has independent
increments, it is a martingale; the implication (i) ùñ (ii).

(b) Since the process L is a sigma-martingale, there exists a sequence pAnqnPN Ă P such that
Ť8

n“1 A
n “ ΩˆR` and Mn :“ p1An ‚Lq is a local martingale for each n. The jump measure

for Mn is νnpω, t, dxq “ 1Anpω, tqνpdxq, where ν is the jump measure for L, and since Mn is
a local martingale, it satisfies (iii) for almost every ω. Consequently, ν satisfies (iii) and the
process L is a martingale.

Solution 9.2 Denote by f the density for ST and recall the Leibniz integration rule

B

BK

ż bpKq

apKq

fpx,Kqdx “
dbpKq

dK
fpbpKq,Kq ´

dapKq

dK
fpapKq,Kq `

ż bpKq

apKq

B

BK
fpx,Kqdx.

For a call option

CpKq “

ż 8

0
px´Kq`fpxqdx “

ż 8

K

px´Kqfpxqdx

we get
BC

BK
“ 0´ pK ´KqfpKq ´

ż 8

K

fpxqdx “ ´

ż 8

K

fpxqdx.

Since
1 “

ż 8

0
fpxqdx “

ż K

0
fpxqdx`

ż 8

K

fpxqdx,

by the Fundamental Theorem of Calculus, we get

B2C

BK2 pKq “
B

BK
r

ż K

0
fpxqdx´ 1s “ fpKq

and similarly for a put option
B2P

BK2 pKq “ fpKq.
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So,

ErwpST qs “

ż 8

0
wpKqfpKqdK “

ż S0

0
wpKq

B2P

BK2 pKqdK `

ż 8

S0

wpKq
B2C

BK2 pKqdK

“ rwpKq

ż K

0
fpxqdxs

ˇ

ˇ

ˇ

ˇ

S0

0
´

ż S0

0
w1pKq

BP

BK
pKqdK ` rwpKqp

ż K

0
fpxqdx´ 1qs

ˇ

ˇ

ˇ

ˇ

8

S0

´

ż 8

S0

w1pKq
BC

BK
pKqdK

“ wpS0q ´

ż S0

0
w1pKq

BP

BK
pKqdK ´

ż 8

S0

w1pKq
BC

BK
pKqdK

“ wpS0q ´ rw
1pKqP pKqs

ˇ

ˇ

ˇ

ˇ

S0

0
`

ż S0

0
w2pKqP pKqdK ´ rw1pKqCpKqs

ˇ

ˇ

ˇ

ˇ

8

S0

`

ż 8

S0

w2pKqCpKqdK

“ wpS0q `

ż S0

0
w2pKqP pKqdK `

ż 8

S0

w2pKqCpKqdK.

Solution 9.3 The process V is a supermartingale of class pDq, so, it admits a Doob-Meyer
decomposition, which is

Vt “ V0 `M
V
t ´A

V
t , t P r0, T s,

where MV is a martingale vanishing at zero, and AV is an integrable predictable increasing process
vanishing at zero. We have

sup
0ďtďT

|MV
t | ď sup

0ďtďT
Er sup

0ďsďT
|Us| | Fts ` |V0| `A

V
T ,

so, MV P H1
0. Since

Ut ď Vt “ V0 `M
V
t ´A

V
t ,

we have

inf
MPH1

0

Er sup
0ďtďT

pUt ´Mtqs ď Er sup
0ďtďT

pUt ´M
V
t qs

ď Er sup
0ďtďT

pVt ´M
V
t qs

ď Er sup
0ďtďT

pV0 ´A
V
t qs

“ V0.

On the other, for any M P H1
0, we have

V0 “ sup
0ďτďT

EUτ “ sup
0ďτďT

ErUτ ´Mτ s ď Er sup
0ďtďT

pUt ´Mtqs,

i.e.,
V0 ď inf

MPH1
0

Er sup
0ďtďT

pUt ´Mtqs.

Solution 9.4

1 import numpy
2 from scipy.stats import norm
3 from math import exp, log, pi, sqrt
4

5 from brownian import brownian
6

7

8 # The Wiener process parameter.
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9 delta = 1

10 # Total time.

11 T = 0.5

12 # Number of steps.

13 N = 50

14 # Time step size

15 dt = T/N

16 # Number of realizations to generate.

17 m = 5000

18 # Create an empty array to store the realizations.

19 x = numpy.empty((m,N+1))

20 # Initial values of x.

21 x[:, 0] = 0

22

23 # Simulate the paths

24 brownian(x[:,0], N, dt, delta, out=x[:,1:])

25

26 # The terms j=1,2 for the Black´Scholes formula

27 def d_j(j, S, K, r, sigma, T):
28 return (log(S/K) + (r + ((´1)∗∗(j´1))∗0.5∗sigma∗sigma)∗T)/(sigma∗(T∗∗0.5))
29

30 # The Black´Scholes price for the European put option

31 def european(S, K, r, sigma, T):
32 return ´S∗norm.cdf(́ d_j(1, S, K, r, sigma, T))+K∗exp(́ r∗T) ∗ norm.cdf(́ d_j

(2, S, K, r, sigma, T))

33

34 # The initoal value for the stock

35 S0 = 100.

36 # The strike price

37 K = 100.

38 # The volatility

39 sigma = 0.4

40 # The interest rate

41 r = 0.06

42

43 # The upper bound for the price of the American put option

44 v = european(S0,K,r,sigma,T)

45 for i in range(m):
46 for j in range(N):
47 x[i,j] = exp(́ r∗j∗dt)∗max((Ḱ S0∗exp(sigma∗x[i,j]+(r´.5∗sigma∗∗2)∗j∗dt)),0)

´ (european(S0∗exp(sigma∗x[i,j]+(r´.5∗sigma∗∗2)∗j∗dt),K,r,sigma,T́ j∗dt)́ v)
48

49 print numpy.mean(numpy.amax(x, axis=0))
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