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Solution 11.1 Let X be a uniformly integrable martingale with respect to the filtration pFtqtPr0,8s.
Then

rXt “

$

&

%

X t
1´t

, t ă 1,
X8, t ě 1,

is a martingale with respect to the filtration

rFt “

$

&

%

F t
1´t

, t ă 1,
F8, t ě 1.

Let H be a bounded predictable process such that pH ‚ Xq is not a uniformly integrable pFtq-
martingale. Since

p rH ‚ rXqt “ pH ‚Xq t
1´t

, t ă 1,

the stochastic integral of the process rHt “ H t
1´t

1ttă1u with respect to rX is not an p rFtq-martingale.
Indeed, there exists a martingale X and a predictable bounded H such that pH ‚Xq is not uniformly
integrable. Let

an “ 2n, bn “
2n

2n2 ´ n` 1 , pn “
n´ 1
2n2 , n P N.

Define recursively a martingale pXnqnPN and pAnqnPN as

X0 “ 1, X1 “ 1, A1 “ Ω,
P pXn`1 “ a2 ¨ ¨ ¨ an`1 | Anq “ pn`1,

P pXn`1 “ a2 ¨ ¨ ¨ bn`1 | Anq “ 1´ pn`1,

P pXn`1 “ Xn | A
c
nq “ 1,

An`1 “ tXn`1 “ a2 ¨ ¨ ¨ an`1u.

Define Xt “ Xn, t P rn, n` 1r and Ht “
ř8

n“1 1s2n´1,2nsptq for t P r0,8r and n P N. Then X is a
uniformly integrable martingale w.r.t. Ft “ FXt , t P r0,8r. Indeed, for m ą n, we have

Er|pXm´Xnq1An`1 |s “ ErpXm´Xnq1An`1s “ ErpXn`1´Xnq1An`1s “ Er|pXn`1´Xnq1An`1 |s,

so,
Er|Xm ´Xn|s “ Er|pXm ´Xnq1An |s “ Er|pXm ´Xnq1An`1 |s ` Er|pXm ´Xnq1An1Ac

n`1
|s

“ Er|pXn`1 ´Xnq1An`1 |s ` Er|pXn`1 ´Xnq1An
1Ac

n`1
|s “ Er|pXn`1 ´Xnq1An

|s

“ a2 ¨ ¨ ¨ anpan`1 ´ 1qp2 ¨ ¨ ¨ pnpn`1 ` a2 ¨ ¨ ¨ anp1´ bn`1qp2 ¨ ¨ ¨ pnp1´ pn`1q

ď a2 ¨ ¨ ¨ anp2 ¨ ¨ ¨ pnpan`1pn`1 ` 1q “ 1
n

ˆ

n

n` 1 ` 1
˙

ď
2
n
,

therefore, pXnqnPN converges in L1, i.e., pXnqnPN is uniformly integrable. However, for n ď m, we
have

Er|1A2n
1Ac

2n`1
pH ‚Xq2m|s “ Er1A2n

1Ac
2n`1

n
ÿ

k“1
pX2k ´X2k´1q ě Er1A2n

1Ac
2n`1

pX2n ´X2n´1qs

“ p2 ¨ ¨ ¨ p2np1´ p2n`1qa2 ¨ ¨ ¨ a2n´1pa2n ´ 1q ě 1
4p2 ¨ ¨ ¨ p2na2 ¨ ¨ ¨ a2n “

1
8n,
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so,

Er|pH ‚Xq2m|s ě
m
ÿ

n“1
Er|1A2n1Ac

2n`1
pH ‚Xq2m|s ě

m
ÿ

n“1

1
8n Ñ8 as mÑ8,

i.e., pH ‚Xq is not uniformly integrable.

Solution 11.2 For Ω “ tω1, . . . , ωNu, denoting XT pωnq :“ ξn, pn “ P pωnq and qn “ Qpωnq, the
utility maximization problem is

maximize EP rUpXT qs “

N
ÿ

n“1
pnUpξnq (1)

subject to

EQrXT s “

N
ÿ

n“1
qnξn ď x (2)

for which the Lagrangian is

Lpξ1, . . . , ξN , yq “
N
ÿ

n“1
pnUpξnq ´ y

¨

˝

N
ÿ

n“1
qnξn ´ x

˛

‚“

N
ÿ

n“1
pn

ˆ

Upξnq ´ y
qn
pn
ξn

˙

` yx. (3)

We write

Φpξ1, . . . , ξN q :“ inf
yą0

Lpξ1, . . . , ξN , yq and Ψpyq :“ sup
ξ1,...,ξN

Lpξ1, . . . , ξN , yq.

The value function for the utility maximization problem (1)-(2) is

upxq :“ sup
ξ1,...,ξN

Φpξ1, . . . , ξN q

whilst for the dual value function v we have

Ψpyq “
N
ÿ

n“1
pnV

ˆ

y
qn
pn

˙

` yx “ EP

«

V

ˆ

y
dQ

dP

˙

ff

` yx “: vpyq ` yx.

For the dual optimizer pypxq, i.e., the solution to

inf
yą0

Ψpyq “ inf
yą0
tvpyq ` yxu,

the maximizer pXT :“ ppξ1, . . . , pξN q for (3) with y “ pypxq fixed is given by

pξn :“ rU 1s´1
ˆ

pypxq
qn
pn

˙

, n “ 1, . . . , N,

and the pair
´

pXT , pypxq
¯

is the unique saddle-point of the Lagrangian, i.e.,

upxq “ sup
XT

inf
yą0

LpXT , yq “ L
´

pXT , pypxq
¯

“ inf
yą0

sup
XT

LpXT , yq “ inf
yą0
tvpyq ` yxu.

Solution 11.3 Let Q denote the risk-neutral measure andWQ the corresponding Brownian motion.
Under Q, the undiscounted stock price process rS is given by

rSt “ ertSt :“ ertS0 exppσWQ
t ´

1
2σ

2tq, t P r0, T s,
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where St :“ S0 exppσWQ
t ´

1
2σ

2tq represents the discounted stock price at time t P r0, T s under the
measure Q. We have

rST “ erpT´tq rSt exp
`

σpWQ
T ´W

Q
t q ´

1
2σ

2pT ´ tq
˘

, t P r0, T s.

The discounted value Vt of a power option at time t with undiscounted payoff hprST q “ rSpT is the
payoff’s discounted Ft-conditional Q-expected value, i.e.,

Vt “ EQre
´rThprST q|Fts “ EQre

´rT
rSpT |Fts.

We have
e´rT rSpT “ eprT´rT

´

e´rT rST

¯p

“ erpp´1qTSpT , (4)

where

SpT “ Spt exp
ˆ

σppWQ
T ´W

Q
t q ´

1
2σ

2ppT ´ tq

˙

“ Spt exp
ˆ

σppWQ
T ´W

Q
t q ´

1
2σ

2p2pT ´ tq

˙

exp
ˆ

1
2σ

2ppp´ 1qpT ´ tq
˙

.

The middle factor has Ft-conditional Q-expectation 1; so we get

Vt “ Spt exp
ˆ

1
2σ

2ppp´ 1qpT ´ tq ` rpp´ 1qT
˙

“ e´rt rSpt exp
˜

ˆ

1
2σ

2p` r

˙

pp´ 1qpT ´ tq
¸

,

where we used that Spt “ e´rt rSpt e
´rpp´1qt; c.f. (4). The undiscounted value at time t is

rVt “ ertVt “ rSpt exp
˜

ˆ

1
2σ

2p` r

˙

pp´ 1qpT ´ tq
¸

.

Solution 11.4 For the value process
Vt “ vpt, Stq,

the hedging strategy is
ϑt “

Bv

Bx
pt, Stq, ηt “ Vt ´ ϑtSt.

Since
Vt “ Spt exp

ˆ

1
2σ

2ppp´ 1qpT ´ tq ` rpp´ 1qT
˙

,

we can compute

ϑt “ pSp´1
t exp

ˆ

1
2σ

2ppp´ 1qpT ´ tq ` rpp´ 1qT
˙

and then obtain
ηt “ p1´ pqSpt exp

ˆ

1
2σ

2ppp´ 1qpT ´ tq ` rpp´ 1qT
˙

.

1 import numpy
2 from pylab import hist, show
3 from matplotlib.pyplot import subplot
4

5 from brownian import brownian
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6

7

8 #Function computes the forward integral of rows of a mxN´matrix w.r.t. another

9 def integral(x,y,m,N,out=None):
10

11 if out is None:
12 out = numpy.empty(x.shape)

13

14 for i in range(m):
15 for j in range(N):
16 out[i,j+1]=out[i,j]+x[i,j]∗(y[i,j+1]´y[i,j])
17

18 return out
19

20

21 def main():
22

23 # The Wiener process parameter.

24 delta = 1

25 # Total time.

26 T = 1.0

27 # Number of steps.

28 N = 10000

29 # Time step size

30 dt = T/N

31 # Number of realizations to generate.

32 m = 1

33 # Create empty arrays to store the realizations and integrals.

34 x = numpy.empty((m,N+1))

35 y = numpy.empty((m,N+1))

36 z = numpy.empty((m,N+1))

37 # Initial values of x,y,z,w.

38 x[:, 0] = 0

39 y[:, 0] = 0

40 z[:, 0] = 0

41

42 # Simulate the paths

43 brownian(x[:,0], N, dt, delta, out=x[:,1:])

44

45 # Volatility

46 sigma = 0.4

47 # Interest rate

48 r = 0.06

49 # Exponent for the power option

50 p = 2.0

51

52 # Form the geometric Brownian motion

53 y = numpy.exp(sigma∗x´.5∗sigma∗∗2.∗numpy.cumsum(dt∗numpy.ones((m,N+1))))
54

55 # Compute the integral

56 integral(p∗y∗∗(p´1)∗numpy.exp( (.5∗sigma∗∗2.∗p+r)∗(p´1.)∗T ´ .5∗sigma∗∗2∗p
∗(p´1)∗numpy.cumsum(dt∗numpy.ones((m,N+1))) ),y,m,N,out=z)
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57

58 # Print the terminal values

59 print numpy.exp(r∗(p´1)∗T)∗y[:,N]∗∗p,numpy.exp( (.5∗sigma∗∗2.∗p+r)∗(p´1.)∗T
)+z[:,N]

60

61 if __name__ == "__main__":
62 main()
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